A RIGOROUS JUSTIFICATION OF THE MODULATION 
APPROXIMATION TO THE 2D FULL WATER WAVE PROBLEM 
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Abstract. We consider the 2D inviscid incompressible irrotational infinite depth wa- 
ter wave problem neglecting surface tension. Given wave packet initial data of the form 
eB{ea)e''"^ for A: > 0, we show that the modulation of the solution is a profile traveling 
at group velocity and governed by a focusing cubic nonlinear Schrodinger equation, with 
rigorous error estimates in Sobolev spaces. As a consequence, we establish existence of so- 
lutions of the water wave problem in Sobolev spaces for times of order 0{e^'^) provided the 
initial data differs from the wave packet by at most 0(e'^/^) in Sobolev spaces. These results 
are obtained by directly applying modulational analysis to the evolution equation with no 
quadratic nonlinearity constructed in [T3j and by the energy method. 



1. Introduction 

The mathematical problem of two dimensional water waves concerns the evolution of an 
interface separating an inviscid, incompressible, irrotational fluid, under the influence of 
gravity, from a region of zero density (e.g., air) in two dimensional space. It is assumed that 
the fluid region lies below the air region. Assume the fluid is infinitely deep and has density 
1, and that the gravitational field is (7 = (0, — 1). At t > 0, denote the fluid interface by S(t) 
and the fluid region by VL{t). If surface tension is neglected, then the motion of the fluid is 
described by 

vt + V ■ Vv = ^ - Vp 

on \ l[t), t > 

divv = 0, curl V = 

p = on E(t) 

(v, 1) is tangent to the free surface (1.1) 

where v is the fluid velocity, p is the fluid pressure. 

Assume further that the interface S(t) is parametrized by z = z{a,t), where a G M is the 
Lagrangian coordinate, i.e., Zt{a,t) = v{z{a,t),t). Let a = — ^jT-j-, where n = is the 
unit outward normal of Q{t). We know from [12j that (11. ip is equivalent to the following 
complex system on the interface: 

ztt - iaza = -i (1.2) 
{l-^)zt = 0, (1.3) 
where Sj is the Hilbert transform associated to the fluid region Q{t): 

io/(a,t) = — p.v. / — — T-^dP 



TT? ' ' J-00 z{a,t) - z{l3,t) 
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In this paper we consider the modulation approximation to the infinite depth water wave 
equations fll.2p - fll.3p . i.e., a solution which is to the leading order a wave packet of the form 

e5(ea,et,e't)e*('="+"*) (1.4) 

It is well-known (c.f. [7]) that if one performs a multiscale analysis to determine mod- 
ulation approximations to the finite or infinite depth 2D water wave equations, one should 
expect to find that the amplitude B is a. profile that travels at the group velocity deter- 
mined by the dispersion relation of the water wave equations over time intervals of length 
0(e~^), and evolves according to a nonlinear Schrodinger equation (NLS) over time intervals 
of length 0{e~^). The first formal derivations of the NLS from the 2D water wave equations 
was obtained by Zakharov |15j for the infinite depth case, and by Hasimoto and Ono [6J for 
the finite depth case. In Craig, Sulem and Sulem applied modulation analysis to the 
finite depth 2D water wave equation, derived an approximate solution of the form of a wave 
packet and showed that the modulation approximation satisfies the 2D finite depth water 
wave equation to leading order. 

A rigorous justification of the NLS from the full water wave equations would bring us 
one step closer to understanding qualitative properties for wave packet-hke solutions of the 
water wave equations from that of solutions to NLS on the appropriate time scales. Rigorous 
justifications of the KdV, KP, Boussinesq, shallow water and various other asymptotic models 
from the full water wave equations have been done in [5], [10], [1]. As was noted in |4j, the 
reason that a justification for NLS has not been given is that the longest existence time in 
Sobolev spaces for the water waves equation demonstrated thus far have been on time scales 
of the order 0(e~^), for data with Sobolev norms of the order 0(e). However these times are 
too short to distinguish the NLS behavior of the wave packet from simple translation of the 
initial wave packet at group velocity. Since there is no existence result in Sobolev spaces on 
the necessary time scales, an attempt to justify NLS as a rigorous modulation approximation 
to the water wave system on that scale has not been made. 

Let Ugf = f o and for k : M — > M a diffeomorphism we introduce the notation 

C := ^ ° f^-', U-'D, := dtU-\ U-'V := (d^ - tad^)U-' 
b := Kto K^'\ U^^Ada ■= adaU~^ 

Dt = {dt + bd^), U-^U = m~\ V = D^-tAd^ (1.5) 
In [13], Wu showed that for any solution z of (ll.2p - fll.3l) . the quantity 11 := (/ — S^){z — z) 
satisfies the equation 



ViU O K 



TT 



|C(a,t)-C(/3,t)P 



2 f fDtaa,t)-Dtaf3,t) 



TT 



C(a,t)-C(/3,t) 
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+ - / I) \\ . o .^ d^^aP,t)d/3 (1.6) 



and furthermore there is a coordinate change k, such that in this coordinate system, the 
equation (11. 6p contains no quadratic nonlinear terms. Using this favorable structure and the 



method of vector fields, Wu further proved the almost global well-posedness for the full water 
wave system fll.2p - fll.3p for data small in the generalized Sobolev spaces defined by the 
invariant vector fields. However, the wave packet data ei?(ea)e*'^" (for B sufficiently smooth 
and localized) has slow decay at infinity, and in terms of the generalized Sobolev norms used 
in [13] these are at least of size 0(e^^/^). In terms of the standard Sobolev norms they are 
of size 0(e^/^). Therefore the standard Sobolev spaces suits our purposes better. 

As is suggested by the work of [8j, in justifying the modulation approximation for a 
nonlinear system it is advantageous if the nonlinear system contains no quadratic nonlinear 
terms. We therefore use the equation (11. 6p to perform the multiscale analysis. In fact, we 
will use a slightly different change of variables k than that given in [13]. Upon performing 
this multiscale analysis, we derive an approximate wave packet-like solution C, satisfies the 
transformed equations (see (12. 7p - (12. 80 below) with a residual of size 0{e^). The special 
structure of (II. 6p then allows us to obtain bounds for the error r = C, — C, between the true 
solution and the approximate solution on the appropriate time scale in Sobolev spaces. 

We will see in the course of the multiscale analysis that the envelope of the leading term of 
C — 01 obeys a focusing cubic nonlinear Schrodinger equation which is globally well-posed in 
sufficiently regular Sobolev spaces. This implies that the approximate solution C, is eternal. 
This fact, along with the a priori bounds on the remainder r, allows us to show existence 
and uniqueness of solutions of the system (II. 20 - 01. 3p on the proper 0(e^^) time scales, for 
initial data which is no more than 0(e'^/^) away from a wave packet tB{ta)e^^°' in Sobolev 
spaces. A rigorous justification of wave packet approximations to solutions of the water wave 
system is then obtained in this special coordinate system n. Upon changing variables, we 
obtain appropriate wave packet approximations to water waves in Lagrangian coordinates. 
Finally, by introducing some further restrictions on the initial data, we justify an Eulerian 
version of the asymptotics. 



2. Derivation of the Main Equations 

In this section we introduce our notation as well as collect for future reference the main 
equations and formulas from jl3J that we will use. We first recall the definition of the 
Hilbert transform associated to the interface determined by a curve parametrization 
7(a) : R ^ C : 

^./(«) := - P-v. r , Y^\,J {mP (2.1) 
J-oo 7(a) - 7(P) 

We adopt the following notations for Hilbert transforms associated to specific curves: Sj is 
the Hilbert transform associated to z already defined, Ti is the Hilbert transform associated 
to C, and "Ho is the flat Hilbert transform associated to the line 7(a) = a. In general, the 
Hilbert transform "H^ satisfies the convention 7/^1 = and the identity "H^ = J in L^. Let 
f2 be a domain in M?, with dQ parametrized by 7(a), a G M, oriented clock- wisely. We 
know /(■) = F(7(-)) G L^(M) is the trace of a holomorphic function F in if and only if 
(/ — "H^)/ = 0. The celebrated result of [3] (see Theorem IB.ip states that "H^ is bounded on 
provided that 7 satisfies the chord-arc condition: There exist constants u, N > so that 

i/|a-/3| < |7(a) -7(/3)| < A^|a-/3| for all a, /3 G M. (2.2) 
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We will frequently use the properties of the Hilbert transform given in Lemmas 2.1 and 
2.2 of [13] which for convenience are recorded here. Note that in the sequel we will often be 
suppressing the dependence on t. 

Proposition 2.1 (c.f. Lemma 2.1 of [I3]). Suppose that z{a,t) has no self-intersections 
at time t G [0,To] and satisfies Zt,Za — 1 G C^{[0,To]; H^) . Then for all functions f G 
C^(M X [0,To]) having the property that /a(a,t) as |a| oo we have the identities 

[dt,S)]f = [zt,^]—, [ada,Sj]f = [aza,Sj]—, [Sj,da/za] = 

Za Za 

Remark. Observe that if we change variables via k each formula above has a corre- 
sponding formula in which z is replaced by (, dt is replaced by Dt, Sj is replaced by Ti, 
etc. 

Proposition 2.2 (c.f. Lemma 2.2 of p^). Let Q G C be a region whose boundary dQ is 
parametrized by 7(a), oriented clockwise. Then the following hold: 

(1) If f = Ti-yf and g = K^g, then [/, 'H^]g = 0. 

(2) For all f,ge L\dn), [f,H,\H,g = -[n,f,H.]g. 

With these preparations, we give the change of variables used to convert f ll.2p - fll.3p into 
a more suitable equation for our purposes. Originally, in [TB], the change of variables k was 
introduced using a Riemann map : Vt{t) — > P which for each t mapped the fluid 

region VL{t) to the lower half plane, and then defined by a; 1— )■ t) + t) — h{a, t), where 
h was taken to be a i—)- ^{z{a,t),t). 

However, the only property of h that was used was that it was a real-valued trace of a 
holomorphic function defined on Q{t). This idea was already used in the 3D setting to prove 
global existence of solutions to the 3D water wave problem [T3]. We use it here by choosing 
to set 

h{a, t) = z{a, t) - -{I + S3){I + K)-^ {z{a, t) - z{a, t)) , 

where K = 3fti) is the double layer potential operator associated to the curve z. It is easy to 
see from the definition that h is a real- valued trace of a holomorphic function in Q{t). Then 
the change of variables is defined by 

K,{a, t) = z{a, t) + t) — h{a, t) 

= z{a, t) + ^(/ + + ^)-\z{a, t) - z{a, t)) (2.3) 
Our choice of k then gives us the crucial identity 

(/ -Sj){z-k) = -(/ - i3) Q(/ + mi + ^r\z - z)] = 0, (2.4) 



and from this it follows immediately in the new coordinates that 

(/-H)(C-a)=0 (2.5) 

and 

UoK-' = {I- H){C -C) = {I-n){C- a) (2.6) 

We denote 

^ := C - a, 

the perturbation of ( from the rest state a. Then from fll.6p and fl2.4p we have that solutions 
z also satisfy the system 

V{I-H)i = G (2.7) 
(/-7?)e = (2.8) 
where as in (II. 6p the cubic nonlinearity G is 
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a :-- 



dM + 



, . ''1!1"f;,f7 (c.(/^)-w))^/^ (2.9) 

V C(«)-C(/3) / 

We will also need the equations corresponding to the time derivative, which by virtue of 
fll.3p and a derivative Dt to 02.71) are given by 

{Dl - M9«)A(/ - H)i = DtG + [V, A](/ - n)^ 



{i-n)DtC = o 



(2.10) 
(2.11) 



An explicit formula for DfG is 
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9„ AC - 2 

C(«)-C(/3) / TTZj 

(AC(«) - AC(/3))(A'C(«) - A'C(/3)) 



(C(«)-C(/3))^ 



|AC(«)-AC(/3)r 
(C(«) - C(/3))^ 



■5/3AC(/3) 



AC(c:^) - AC(/3) 

C(«)-C(/3) 
AC(«) - AC(/3) 



a;353AC(/9)c^^ 



C(«)-C(/3) ; — — ^2.12) 

We also have the following formulas for b and A in terms of ( (c.f. Proposition 2.4 of [1^ for 
a proof. From the proof, it is clear that 02. 8p and 02. lip together implies f l2.13p and 02.14p .): 



{i-n)b = -[DtC,n]- 



[I -'H)A=l + i[D^tC,'H] 



Cct Ca 

The commutator in the right hand side of O2.10p can be rewritten using 



[p, A] (/ - n)^ = u^-. (^) iAd^{i - n)^, 



(2.13) 
(2.14) 

(2.15) 



and is controlled using the following formula (c.f. (1-9) and (2.32) of [13] for a derivation): 



{I-n)(^AC^U-' (^)) =2.[A'C,H]^ + 2.[AC,H] 
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We also record Proposition 2.7 of 



- j [ ) ^^^^^^^^^^ (2.16) 



(/ - n)D,b = [AC, n] ^'^^ - [Ac, n] ^' 



To estimate terms involving time derivatives of singular integral operators we record the 
following 

Lemma 2.1. Suppose that T f = J K{a, I3)di3f{l3) d/S. Then 

[A, '^f = J i9t + b{a)d^ + b{/3)dp)K{a, /3) d^f{/3) d/3 

Proof. We have 

[Dt,r]f = {dt + b{a)d^) J K{a,P)fp{P)d(]- J K{a, P)dpDJ{P) d/3 
{dt + b{a)d^ + b{P)dp)K{a, P)fp{P) dp 
+ j K{a, f3)(b^{f3)f^{f3) + DtUif3) - d^DJ{f3)y/3 

{dt + b{a)d^ + b{/3)dp)K{a, /3)fp{P) d/3 

as desired. □ 
Denote the Fourier transform on R by 

fix) = ^ r f{a)e-^^^da 

For s G M we have the usual Sobolev spaces 

i/^ = {/ G A(M) : WfWn^ := ||(1 + | ■ \yf{-)\\L^ < oo} 

and the homogeneous Sobolev spaces 

ij^ = {/GA(M):||/b. := || | ■ |7(-)I|l^ < oo} 

Also for s G N we define = {/ g : d{f G j = l,...,s}, with WfHw^.o^ ■ = 

^'j=o \\dif\\L°°- A well-known consequence of the Sobolev embedding theorem is that H'^ is 

continuously embedded in W'^~^'°° for s > 1. Given a Banach space X, let C{[0,T];X) be 
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the space of all / G M x [0, T] so that t H- is continuous on [0, T]; equip C([0, T]; X) 

with the norm 

||/||c([o,T];X) := max < oo. 

te[o,T] 

In the rest of the paper, we make the following 

A Priori Assumption. Let s > 6, and let ( be a solution to the water wave system fl2.7p - 
(I2.8p - (l2.1ip on some time interval [0,Tq] satisfying for < t < Tq the bounds 

©(To) := IK. - l||c([o,To];H=) + ||ACI|c([o,ro];H») < 5. (2.18) 

First we choose 5 > sufficiently small so that ( satisfies the chord- arc condition (12. 2p and 
A > 1/2 (c.f. fT^ )- In the course of the paper we will need to choose 6 smaller still. 

In order to use the formulas (I2.13p . fl2.14l) . 02.161) to get estimates for 6, A and U~^{at/a) 
in we use the following lemma, whose proof is essentially that of Lemma 3.8 and Lemma 
3.15 of [13J: 

Lemma 2.2. Let s > 4, and suppose that ( satisfies (I2.18p . Then there exists a constant C 
depending on &{Tq), so that for all real-valued f we have the following estimates: 

(1) \\f\\H^<c\\{i-n)f\\Hs_ 

(2) \\f\\Hs<C\\{I-n) [fAQ \\h^ 

3. The Formal Multiscale Calculation. 

The goal of this section is to derive a formal solution to the system (I2.7p -( l2l8l) which is 
to leading order a wave packet. Since we want our approximation to remain bounded for 
times on the order 0(e^^), we calculate this formal solution using a multiscale analysis. 
As mentioned in the introduction, we expect from similar formal derivations of modulation 
approximations to the water wave equations that the amplitude of the wave packet is a 
profile which travels at the group velocity of the water wave operator, and evolves according 
to a nonlinear Schrodinger equation. 

To effect this multiscale analysis, we must first formally expand the Hilbert transform "H 
appearing in the water wave equations. In particular, we must intepret how the flat Hilbert 
transform I-Lq acts on multiple scale functions of the form F(ea)e*'^" for 7^ 0. 

3.1. Formal Expansion of the Hilbert Transform. Understanding the system (12. 7p . 
(12. 8 p depends on understanding the Hilbert Transform l-L. Since our flrst goal is to seek a 
perturbation expansion 



C(a, t) = a + i = a + Y^ e"C^"Ha, t, e) 



ra=l 



we must flnd a corresponding development of "H into a formal power series 

•H = -Ho + e^i + + ■ ■ ■ 

To predict what the terms of this series ought to be, we heuristically expand the kernel of 
"H in a formal power series as follows: 



00 



n=l 



Equating like powers of e on the right hand side of this last expression suggests the following 
formulas for l-Li: 

m J \ a- P J 



and for 1-L2'- 



m 
1 

ni 







y a - 








a — 




C«(«)- 




a — 


/3 . 



= [C^'\Ho]fa - [C^'\nom^fa) + l[C^'\ [C^'\no]]faa (3-2) 

and so we define the approximate Hilbert Transform 

If ii acts on a multiple scale function /(cto, cci) = f{a, ea), then we have the expansion 
where 

Later we will need to estimate the operator 

n-n = {'H-n^) + {n^ - n), 

where Ti^ is the Hilbert transform associated to the curve given by the approximation (. We 

will sec that for our purposes it suffices to develop the approximate solution ( to the third 
order: 

C{a, t)^a + eC^^\a, t) + e'^C^'^\a, t) + e^C^^\a, t) 
Hence we record the following formula as a first step towards analyzing T-L^ — T-L: 

Lemma 3.1. ((H^ — 'H)f can he written as the following finite sum of singular integrals: 

1 r {ao^)-m)'w) 



{n^ - n)f = — / ^ . ' . . f{P)dp (3.4) 

(« - /3)3 (C(«) - C(/3)) 



^^^P^+n^ /• (C("^)(a) -C("-)(/3))"- (C^"^^(«) -C^"^^(/^)) .M.^^..^^.^ 

+ TTi J (« - /3)fi+P2+l {P)f[P)dP 

where S = {{ni,n2,m,pi,p2) : ^iPi + ^2^2 + m > 3, < pi + p2 < 2, < ni, 712, m < 3} 
and Cp^^p^ are constants depending only on pi,p2. 



Proof. First observe that with an integration by parts we have the formulas 

C'"(a)-C'"(/3)' 



W:/=^p.v.//(«( 



and 

.(2) 



Now we repeatedly apply the identity 

1 _ 1 - l(^) 

C(a) - C(^) « - ^ (a - /3) (C(a) - C(/3)) 

so as to arrive at the identity 



The last of these terms is of size 0{e'). As for the rest, if we arrange CpiP)/ (C{(^) ~ CiP)^ 
in powers of e up through e^, we see that 



C(a)-C(/3) 

+ e 











{a - 










ya-/3 


{a 




C«(«) 







a — (5 \ a — P {a — (5y 

All of the terms here up through order O(e^) precisely comprise "H, and so vanish upon 
subtracting "H. The remaining O(e^) terms consists of a finite number of terms which can 
be written explicitly in the form 

Z^^p^^p^^ (a - /3)pi+P2+i ^0 ^P' 

where S = {{ni, ^2, m, pi, P2) '■ ^ipi + 722^2 + in > 3, < pi + p2 < 2, < rii, n2, m < 3} 
and Cp^,p2 constants depend only on pi,p2- □ 
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3.2. The Action of Ho on Multiscale Functions. As we saw in the last section, the 
operators appearing in the power series expansion of the Hilbert Transform of the interface 
can be written in terms of the flat Hilbert transform 



nof := — p.v. 



m 

a — 13 



d/3 



It is known that Ho is a Fourier multiplier with Fourier symbol ?io(0 = ~ sgn(^). However, it 
still remains to be seen how to interpret the action of Ho on a multiscale function / = f{a, ea) 
as a multiscale function. 

Since we are interested in the modulation approximation of the water wave problem, we 
will choose the leading order of our approximation to be a wave packet of the form B{ea)e'^^°' 
for k > 0. Hence the formal calculation depends upon understanding the action ofHo on such 
wave packets. Since the amplitude of B{ea)e^^'^ is slowly varying for small e, we heuristically 
expect for A; 7^ that 

Ho {B{ea)e''"') ~ B{ea)Ho (e^*^") = B{ea)sgTL{ky^'', 

where ~ indicates an error depending on e. The following result confirms this intuition. We 
adopt the usual practice of assuming, unless otherwise stated, that a constant C may denote 
different constants in the process of deriving an inequality. 

Proposition 3.1. Let k and s,m > be given. Assume e < 1. Then if f E H^'^"^, 



WiHo- sgn{k))f{ea)e'^''\\H^<C 



m-l/2 
1 



where the constant depends only on s. 



Proof. It suffices to consider the case A; > 0, since the case A; < follows by complex con- 



jugation and the fact that Ho — —Ho- We first derive a bound for \\d'^{I — Ho) f {'ea)e^^'^\ 
We calculate that 



L2- 



\mi-Ho)f{ea)e^'''\\L^ 



< 2 




zer(i-sgn(o)-/ 



e 

1/2 




2(n+m)-l 



-2m 



2 ,.\ 1/2 

d^ 



< 2e"+"^-'/' f sup 



,n+m-l/2 




gn+mf 



1/2 



< 2- 



But since e < 1, we have for any m > that 

s 

-Ho)f(ea)e''^\\Hs < Cj2\K{I-no)f(ea)e"'''U. 



n=0 
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n=0 
m-1/2 

< C^\\d-f\\Hs 

m-1/2 

< C^^\\f\\Hs.r..n 

As a consequence we may freely assume in the multiscale calculation that formally 
treats the amplitude of the wave packet i?(ea)e*^" as a constant when k ^ 0. However, note 
that in the case = we can at best say that 

Wo(/(e-))(«) = CHof)iea) 

and so these must be retained as functions of the slow variable ai = ea whenever they occur 
in the multiscale calculation. 

We record an immediate consequence of this result that will be used frequently in the 
multiscale calculation. 

Corollary 3.1. Let s > l,m > 0, e < 1 and f,g & if*"'"™'(M) and suppose that k,l are given 
so that I 7^ 0, —k, and sgn{l) = sgn{k + /). Then 

\\[f{ea)e^'^,no]g{ea)e^'''\\H^ < Ce^-'/' {jkTir ^ ^) 

3.3. The Multiscale Calculation. We are now prepared to find an approximate solution 
( to the four equations fl2.7p -( l2TTT]) which is to leading order a wave packet, where G is 
given by (12.91) . Our approach will be to derive an approximate solution to the system (12.71) - 
(12. 8p having residual O(e^) with a multiscale analysis and then verify that this approximate 
solution also satisfies (I2.10p - (I2.11I) up to a residual of size 0(e'^). We begin by seeking a 
perturbative ansatz for (I2.7p -( l2l8l) 

oo 

C(a,t) = a + 5^e"C^")(a,t,e) 

n=l 

In order to construct an expansion that is valid on times on the order 0(e^^), we introduce 
multiple scales 

to = t, ti = et, t2 = € t, 0-0 = a, Q-i = ea 
and so we seek a solution of the form 

oo 

C(a, t) = a + Y^ e"C^"Hao, "i, ^o, ^1,^2) 

n=l 

which formally satisfies the original equations up to terms of size O(e^). 

Before we begin solving these equations, we expand the auxiliary quantities and operators 
in powers of e. In particular we must determine the expansions in e of the quantities 

00 00 00 

b = J2 e"&n, ^ = E ^ = E 

n=0 n=0 n=0 
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Notice that since b and A — 1 are of quadratic order and G is of cubic order, it follows that 
that 

bo = bi = Ao = Ai = Go = Gi = G2 = 0. 

We will also show in the sequel that A2 = and 62 = &2(tti, ^i, ^2); the linear operator 
associated to the water wave equation thus has the multiscale expansion 

- lAd^ = [dl - z9,j + e{2dt,dt, - id^,) 

+ e\2dtA2 + dl + 2b2dM + 0{e') (3.6) 

Recall that we also have the formulas for the multiscale expansion of the Hilbert Transform 
given by (13.31) 

We will find explicit formulas for 62, &3 and G^ in the course of the analysis. In what 
follows we will repeatedly use the fact, justified by the last section, that 

UoUMe'^'^') = sgn(A;)/(aOe^'"" + O(e^), k ^ (3.7) 

and hence that 

[/(aOe^'^^o, Wo]c/(ai)e^'"o = O(e^) whenever sgn(/) = sgn(fc + /), l,l + k^O (3.8) 

We are now ready to expand (I2.7p - (I2.8I) in powers of e. Collecting like terms yields a 
hierarchy of systems that allow us to successively solve for the holomorphic trace |(/+'Ho)C*^"''' 
and the antiholomorphic trace ^{I — 'Ho)C^'^^ of the C^"^'s in the lower half plane. The terms 
of order 0(e) in ( ]2.7p -( l2l8l) yield the system 

(dl~zd^,){I-'Ho)(^'^ = (3.9) 

(/-Wo)C^^^ = (3.10) 

Because we are interested in solutions which to leading order are given by wave packets, we 
assume an ansatz concentrated in Fourier space about the fixed wave number A; > 0: 

C^^) = B+{a,, to, ti, t2)e*'" + B. {a,, to, t,, ^2)6"*'=" 

Injecting the above ansatz into f l3.10p forces = by (13. 7p . Similarly substituting this 
ansatz into (13. 9p yields the condition {d'f^ + k)B^ = 0, which implies that 5+(ai, to, ^1, ^2) = 
B{ai,ti,t2)e'^^^° , where we have introduced the wave frequency u which satisfies the water 
wave dispersion relation 

cu^ = k (3.11) 

Thus we take as our solution 

C« = 5(ai,ti,t2)e'^ (3.12) 

where we have introduced the phase := kao + ujto- 

Moving to the O(e^) terms from (12. 7p . we have by (I3.12p and using (13. 8 p that 

{dl - ^^o.,){I - no)C^''> = -{dl - .9„J(-H«)C« 

-(2at„at, -z9,J(/-Ho)C^^) (3.13) 
= -AtuiBt.-u'B^Je"^ 
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where u' = du/dk is the group velocity of the wave packet. If we want (/ — 'Ho)(^'^^ to be 
uniformly bounded for all time we must insist that the right hand side of fl3.13p be equal to 
zero in order to avoid secular terms. Therefore we choose 



B{ai, hM) = Biai + uo'hM) ■= B{X, T) (3.14) 
where u' = du/dk is the group velocity. The O(e^) terms from (12. 8p yield the equation 

(/-Ho)C^2)^ ^(1)^(1) 

= [t'\noKS (3.15) 

= ik{I ~Ho)\B\^ 

An obvious choice seems to be C*-^^ = iklB]"^ + B2{ai,ti,t2)e'"^. However such choice leads 
to unavoidable secular growth in the O(e^) level. Instead, we find that taking (^'^^ so that 
(/ — 'Ho)C^'^^ = avoids such secular growth. Hence we take 

C^''> = l^k{I-no)\B\' (3.16) 

Before we move on to the O(e^) system, we must first derive formulas for 62, -^2 and G3. 
Substituting the expansion of ( into the formula (I2.13P we see immediately upon collecting 
like powers of e that 60 = ^1 = 0. Therefore we have 

(/ - no)h = -[do\Ho]Ci'o = -k^il - ^o)\B\^ 
and so since 62 is real- valued we conclude that 

b2 = -kuj\B\'^ (3.17) 
Similarly, using (I2.14p we have immediately that ^1 = and that 

(/ - no)A2 = ^[^tMl\'Ho]tao + ^C'^ol^ioCio = -^kud,,il - no)\B\' = 

whence ^2 = as claimed. 

Finally we derive from (12. 9p a formula for G^: 

- ^ y " ihw ^-"^^^ 

,2 ne(^)-e(/3))^ g) 
h + h 
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Using (I32D and 1^ yields 



2 /•(d:'w-c;,;'(«)(c""(«)-c'"(«) 



2 



TT? J (a — /3) 

-2A:3[C^^?/o]((C«)^) 



= 

Similarly, we simplify 



^2 - - y — — ^^/3o (/^)^/^ 
= 2^(2[ci:^7^o](c£oseo^) - iCnomii 

= 2k^Be'^{I + ■Ho)\B\^ - 2k^Be''^'Ho\B\^ 
= 2P5|5|V'^ 



In summary, 



G3 = 2P5|5|V'^ (3.18) 



We can now arrange the 0{e^) terms of (12. 7p . and using f l3.12p and f l3.16p along with 
f l3.17p . fl3.18p and (13. 8 p arrive at the equation 

(dl - - HoX^'^ = -{dl - z9„J(-H«)C(^) - (^J - ^d^,){-n^'^)C^'^ 

- {2dtA. + dl + 2hdMiI - •Ho)C^'^ + G3 
= -{2dtA. + dl + 2b2dtM{I - ^o)C^'^ 
+ 2A;3S|S|V* 

= -2uj{2iBT - co"Bxx + k'^ujB\B\'^)e''^ (3.19) 
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where = (Pu/dk'^. To supress secular growth we now insist that the amphtude B satisfy 
the focusing cubic nonhnear Schrodinger equatioiill 

2iBT-uj"Bxx + k'^^B\B\'^ = (3.20) 

With this choice made we solve fl3.19p by taking (J — 'Ho)C^^'' = 0. 
Finally, the O(e^) terms from (12. 8p yields the equation 

(/-Wo)C^'^=W^'V^'^+W^'V^'^ 

= + [C^'\^o]Ci^ + [C^'\Wo]C« (3.21) 

= {I -no)(BBx) - k^Be-'^{I + no)\B\^ + k^Be-'^no\B\^ 
= -eB\B\^e-''^ + (/ - Ko) (BBx) 

Hence we choose 

^(3) = -h'B\B\'e-"f + i(/ - Wo) (BBx) (3.22) 

Now that we have constructed an approximate solution ( to the equations (I2.7p -( l2l8|) . we 
claim that ( also solves the system (I2.10p -f l2.1ip up to an O(e^) residual. First we notice 
that (12.1 op is obtained by applying a derivative Dt to (12. 7p . therefore it is clear that ( solves 
(I2.10p up to an O(e^) residual. Now we consider (12. lip . By (12. 8p we have that 

(/ - n)DtC = (/ - W) A(C -«) + (/- n)Dta 
= [A,W](C-a) + (/-W)A« 

= m,n]^-^ + ii-n)b 

Hence to show that ( satisfies (12. lip up to an O(e^) residual it suffices to show that our 
approximation of b satisfies (I2.13p up to a residual of size 0{e^). Hence we need only choose 



"'^Observe that this equation agrees with the equation derived in [¥ when one formally lets the depth of 
the fluid tend to infinity. 
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6:^ SO that 



= -Uuj{I - no){BBx) 

- iuPBe-'^il - no)\B\^ 
+ iuj{I -H,)(BBx) 

- iuPBe-'^il + no)\B\^ 

= iuj{I - no) [bBx - ^BBx^ - 2iujk'^B\B\^e-''^ (3.23) 

In summary, we have shown that the equations fl2 . 71) - fl2 .8p - (12.101) - fl2. 1 ip are satisfied up to a 
residual of size O(e^) by the approximation 

= a + eBe''^ + e^]^ik{I -V,o)\B\^ 

+ 6^ {-h^B\B\\'^t> + i(/ - Wo) {BBx)^ (3.24) 

where B = B{e{a + uj't), eH) = B{X, T) satisfies the NLS equation 

2iBT - co"Bxx + k'^ujB\B\'^ = 
From (I3.23p . enforcing the reahty condition on 63 yields 
b:=bo + ebi + e% + e% 
= e\-ku\B\') 

+ (^^ {2iuk^B\B\'^e'*) + hu{BBx - BBx) - Uumo{BBx + BBx)^ (3.25) 
We also define 

A:=Ao + tAi + = 1 (3.26) 

and 

G := Go + eGi + e^G2 + e'Gg = e^Gg (3.27) 
Corresponding to this approximate solution fl3.24p we introduce 

as well as 

:= dt + Ida V ■■= Dt - ^^da (3.28) 
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We then have the formulas for the difference 

A - A = (& - b)da (3.29) 

as well as for 

- Dl = [Dt{h - 6)) 9, + (6 - h) [Dtd^ + (3.30) 

and so 

V-V= {Dt{h -b)- t{A - A)') d^ + {b- b) + (3.31) 

For future reference we also include the following calculation. 

Proposition 3.2. Let (, b, A he as above. Then 

(1) Vl = 0[e^). 

(2) [V,H]l=0{e'). 

Proof. The first statement is straightforward. For the second, observe that by (13. 8p we have 
that ?/(i)C^^^ = ^(2)^(1) = O(e^). The 0(e) term is [S^ - i(9„„, Ho]C^^^ = 0. The 0{e^) terms 
are 

which vanishes by virtue of the above observation, (13.121) . (I3.14p . and (I3.16p . Finally, the 

0{e^) terms are given by 

For the same reasons as for the O(e^) terms all of the above are immediately seen to vanish 
except for the last, which by (I3.17P is given by 

2[&2,^o]dl = '^AWWHoW^ = 0, 
by dSS]). □ 

Now we have shown that the approximation ( depends on B and Bx, where B satisfies 
the NLS equation (I3.2UI) . To be certain that the forthcoming objects are well-defined, we 
appeal to the following global well-posedness result for NLS: 

Theorem 3.1. (c.f. JM/, 01]/ ) Let m > 1 be given, and suppose that Bq e H"^ is given. Then 
there exists a unique solution B G C([0, oo); H^) to (I3.20p with initial condition B{0) = Bq. 

Fix s > 6, ^ > 0. For the rest of the paper we assume that Bq G H"^^^, and hence by 
the above theorem that B G C([0, oo), iJ^+'^) with ||i?||c([o,^);H=+7) < C{\\Bo\\hs+7 , If 
we calculate ( and Dt( from B G H^'^^ through (I3.24p . we see by counting the maximum 
number of derivatives that fall on B that we have the bound 

I (I, AC, A'c) 
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C(\n..'r):H''+'^xH''+1'xH''+'2) 



<Ci\\BQ\\Hs+r,^)e 



1/2 



(3.32) 



For the rest of the paper, we choose e < eo for eo < 1 sufficiently small depending on Bq 
so that ( satisfies the chord-arc condition (12. 2p . Along with the a priori assumption fl2.18p 
using an appropriately small choice of 5 > , this implies that the singular integrals in the 
next section are well-defined. 

4. Estimates of the Remainder 

Now that we have derived a formal approximation of the solution ( to the system (12. 7p - 
(l2.8p -f l?!TUl) - (l2.1ip . we can consider the size of the remainder r = ( — (. Our basic approach 
is to expand the known equations for ( and formulas for quantities defined in terms of ( 
given in §2 by writing C = + C ^^id thereby find the appropriate governing equations from 
which we will derive energy estimates for r. 

In §4.1 we derive from (I2.7p -( l2l8|) - (l2.10p - (l2.1ip new equations in terms of quantities related 
to r. Many functions and operators will arise in these equations that we need to study before 
we can estimate them appropriately. In particular we devote §4.2 to studying the remainder 
between the true and approximate Hilbert transforms introduced in §3.1. 

To clearly describe the respects in which we consider quantities to be small, we adopt the 
following terminology: we say a term is of nth order (with linear, quadratic, cubic having 
the typical meaning) if the term consists of n small factors. 

Alternately, given a Banach space X with norm || ■ we say that a term / G X as being 
0(e") in X when there exists a constant C so that < Ce". If we use the notation 

0(e"') without mentioning a norm explicitly, we mean size in the physical sense 0(e"') as we 
have used in §3. Since we ultimately seek bounds in Sobolev spaces H'^, we introduce the 
special notation that / e is 0{e^), which means that / is 0(e'^) in H'^ where the index 
s will be clear from context. 

We ultimately plan to control all of our quantities in terms of and Dtr in Sobolev space, 
and so we need some idea of how large we expect and DfT to be in terms of e. Since we 
are only interested in the leading term of the approximation, it is a suitable goal to seek a 
remainder which is of physical size O(e^), and in the sense to be 0{e^/^). Therefore, we 
expect here that r^, and Dtr should be (9(e^/^). 

In §4.3 we bound in the remaining quantities appearing in the cubic nonlinearities of 
the equations of §4.1 by terms involving the quantity 

El^^ := \K\\h^ + \\Dtr\\Hs, 

which we expect to be O(e^). We will then show that for e < cq with eo chosen sufficiently 
small, the quantity Es is bounded above by the quantity 

s 

n=0 

where 

p := ^(/ - ny and a := ^(/ - - H)^ - A(/ - 'H)t) 

which in turn is bounded above by the energy S for the remainder. 

We then use these estimates to show that the cubic nonlinearities of the remainder equa- 
tions of §4.1 are (9(e^/^). Having done so, we derive in §4.5 an energy inequality which 
roughly reads dS/dt < O(e^). Heuristically, an inequality of this type is suitable since on 
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time scales on the order 0(e ^) this imphes Es is of size O(e^), as we would like. We then 
go on to rigorously derive a priori bounds of Es on 0(e~^) time scales. 

4.1. The Derivation of the Equations for the Remainder. Here we derive the equa- 
tions governing the evolution of the quantities 

p:=^{I-'H)r and a := ^(/ - - W " A(/ - (4.1) 

Our goal in this section is to manipulate the nonlinearities of these equations so that they 
will be in a suitable form for showing they are of size (9(e^/^). For example, from (12.111) we 
have 

(/ - n)Dtf = -(/ - H) AC - (/ - ^)(A - A)C + - ^) AC (4.2) 

We will show in §4.2 that the operator norm of "H — 7^ on H'^ is of size 0(e^/^), and in §4.3 
that the function 6 — 6 is of size (9(e^/^). Hence the right hand side of (14. 2 p is of size (9(e^/^). 

We now give the equation for the remainder corresponding to (12.71) . In decomposing the 
right hand side of this equation, we keep two goals in mind. First, we must split the terms 
in such a way as to arrive at G so as to cancel the O(e^) contribution from G. Next, we must 
whenever possible avoid estimating terms formed by V acting on complicated terms, so as 
to reduce all estimates whenever possible to those already derived. Specifically we expand 
using Proposition 12.11 as follows: 

v{i-n)r = G-v{i -n)i 

= G+[V, H]i - (/ - H)Vi 

-{i-n){v- v)l -{I- n)vi 

Ca vrW V C(a) - C(/3) / 

-{i-n){v- v)i + {H- n)vl - (/ - n)vi 

-{I-H){V- V)l +{H- H)V^ - [V, H]l + e^i?, 

where e^R := G — V{I — 'H)C, is the residual arising from the approximate equation corre- 
sponding to (12. 7p . 

Note that at most fiv^g derivatives of B are taken in R through the term d'fT-L2C^^\ ^^id 
so R E H"^ provided B G H'^'^^. Similarly, at most seven derivatives of B are taken in DfR 
through the term d^H^'^^C'^^\ and so DtR G provided B G if'^"'"''. 

The only term that is not immediately of size (9(e''/^) is 2[AC) ^]|^A'C. As in the cal- 
culation (2.13) et. seq. of [13j, we exploit the fact that Df^ is almost holomorphic. Using 



^Observe that, despite the appearance of formulas (I3.3p . since the operators "Hi and ^2 can be written 
as singular integrals as in p.2p . they do not lose derivatives due to Proposition lB.il 
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(12. lip and Proposition 12.21 allows us to rewrite this term as 



2[AC,^]/Ae = 2 



To see that the last of these terms is acceptably small, we again apply Proposition 12.21 to see 
that 

2[AC,^]2^Ar = [(/ + W)AC,W]^Ar = m,n]^{I-n)D,r, (4.3) 



which is now easily seen to be 0{e'^^'^) by (14. 2p . Thus our equation for p is now 



2Vp ={G-G)-{I -H){V - V)i +{n- H)Vl - [V, 'H]i 



^" (,a. 



d^Di + 2 [AC, ^ + 2 [AC, n] ^ 

I C(«)-C(/3) J ^^^^)^^ + ^^ 



(4.4) 



Note that the terms on the right hand side of (14. 4p are cubic, and so a priori there may be 
contributions of size (9(e^/^). However, we will show later that all such contributions arise 
as terms depending only on ^ and e of physical size O(e^); moreover, these putative terms 
will be shown to vanish by multiscale calculations. 

Next we derive the evolution equation for a. First we calculate that 



v{i - n)Dt{i - n)^ = -[V, n]Dt{i - n)^ + (/ - v)PDt{i - v)^ 



-2[AC,^]- 



c« 



+ -7 \ c(^)-c(/3) ) ^^^*(^-^)^(/^)^/^ 

+ {I -H)[V,Dt]{I-U)i + {!-%) {DtG) 



-2[AC,H]- 



Ca 



+ - y I c(c.)-c(/3) ) - ^^^^^^^^ 

+ {i-n)iDtG) 
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Similarly we have 



v{i - WjDt{i - n)l = -[V, v]Dt{i - 'H)i + (/ - n)VDt{i - 

^ 1 r f D,Cia\ - D.CiB\V 



+ (/ - H)VD,{I - H)J 

+ {i-H){v~ v)bt{i - H)l - i{i - n)KdM - HYi 

+ (/ - U){DtG) + (/ - V)e\DtR) 
Subtracting these two equations then gives the desired evolution equation for a: 

. daDtCT 



AVer = -8[DtC,H]- 



Co 



4_ /•/ ACW-AC(/3) y 



-{i-n){v-v)Dt{i-n)^ 

+ (/ - H){DtG - DtG) -{I- H)e\DtR) (4.5) 

The right hand side of (14.51) is 0{e'^'^) provided we can show that the right hand side 
of (14.51) is 0{e^/'^). The formula (I2.16P implies that the third term on the right hand side 
of (S3D is of size 0(e^/2). Before we can show that the rest of the terms are appropriately 
small, we must study the quantities appearing on the right hand side of these equations 
further. We will see that estimates for these quantities presuppose a satisfactory bound for 
the difference — H, and so estimating this operator in Sobolev space is our first task. 

4.2. Estimates for the Difference Operator 'H — 'H. While the operator T-L is well suited 
for multiscale calculation, it remains to be seen how H compares to our original Hilbert 
Transform 7/ corresponding to the true solution ( of the water wave system. To do so, we 
will bound the operator % — T-i m . This entails decomposing it as 

where is the Hilbert transform corresponding to the approximate interface (. If we apply 
Proposition IB. II to the formula of Lemma 13.11 we arrive at 
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Lemma 4.1. Let s > 4 be given. Then we have the bounds 

m^-n)f\\H^<Ce^f\\H^ and - n)f\\Hs < Ce'/'\\f\\ws,^ 

where the constant C = C (||i?||j:/s+2). 

The analogous result for the first sum in the decomposition is 
Lemma 4.2. Let s > 4 be given, and suppose fl2.18p holds. Then for all t < Tq, 

m-H^)f\\Hs <C\\r^\\Hs-4f\\Hs and WiU -H^)f\\Hs < C\\r^\\Hs-A\f\\w^,^ 
where the constant C = C((3(To), ||_B||j|/3+2). 

Proof. We use the fact that this operator can be written in two different ways using integra- 
tion by parts: 



in-n,)f^^[ioJi + ^J^l^] 



fp{f3)d(3 




rm C/3(r(«)-r(/3)) 



C(«)-C(/3) (C(a)-C(/3))(C(«)-C(/3)) 



fi(3)d(3 



Now consider the nth derivative of the first formula. If all n derivatives fall on /, then we 
can pass to an integral of the second form above via integration by parts. Such an integral 
can then be bounded in by either 



C(6(To), \\B\\Hn + 2) \\ra\\H2\\f\\H" or C(©(To), ||5||^^n + 2) ||r«||j^2||; ||Vyn,oo 

If at least one derivative falls on the logarithm, then we have a kernel of the form 

V c»-c(/3)y c(«)-c(/3) (c(«)-c(/3))(c»-c(/3)) 

This yields a singular integral which can be bounded in if" by either 

C (^6(To), lICa - lka||H"-i||/||i/"-i or C (^6(To), lICa - lka||H"-i||/lk'-i.- 

The proposition follows by summing these bounds n = 0, 1, . . . , s. □ 

Combining these lemmas yields the 
Corollary 4.1. Let s > 4 be given, and suppose that f l2.18p holds. Then for all t < To, 

\\{n-n)f\\Hs <Cie' + \\rjHs-^)\\f Whs 

m - n)f\\Hs < Cie'/' + ||rJ|^.-i)||/|U..oc 
where C = C{&{To), \\B\\ 

We will also need to estimate the operator DtiTi — l-L). To do so, it will suffice to consider 
the commutator [Dt, Ti — 'H]. 

Proposition 4.1. Let s > A, and suppose that fl2.18p holds. Then \\[Dt,l-L — l-L]f\\Hs < 
C(e^ + llrQ-ll/^-s-i + II Z^^r II ) 11/11 where the constant C = C (©(Tq), ||-B||//s+4). 
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Proof. We decompose 'H — 'H = ("H — "H^) + ("H,? — H) and estimate each term separately. We 
begin with the latter operator and apply Lemma [2TT] to (13.41) . Using the product rule, this 
results in a sum of singular integrals whose numerators are products of differences involving 
the functions i ('■''\ Dt^ AC^"\ n = l,2, 3. Then using the identity Dtg = {b — b)ga + Dtg, 
we can further split these terms until we arrive at a sum of kernels whose numerators are 
products of differences involving the functions 

e, C^"\ Dti, AC^"\ {b - ib - 6)Ci"), n = 1, 2, 3 

In order to estimate the terms (6 — b)g that arise here for g = ^, C*-""*, notice that (I2.18p . 
along with (I2.13P and Lemma 12. 2[ shows that 

11(6 - b)ga\\H- < C\\b - 6||//=||5'a||vi/=,oo < C (©(Tq)) Hfi^allTy".- 

The resulting kernels have the properties that (1) each has at least three factors in its 
numerator of size at most 0(e) in the sense of (2) each has the same number of factors 
in the numerator as in the denominator. In estimating this sum of singular integrals we 
always estimate / in so as not to lose any half-powers of e. In doing so, the largest 
number of derivatives of B that appears is in Dt(; a time derivative will fall on Bx in the 
formula for (^^^^ which by fl3.20p is equivalent to a term with three derivatives on B. The 
result is the bound C{&{Tq), \\B\\us+3)e^\\f\\H'>- 

Next, using Lemma \2.1\ we explicitly write the kernel 

1 ^,]'^>y^'ly c(a)-c(« (c(a) - mm») - m) ) 

and appealing to the crude bound of 6 — 6 above now implies the proposition. □ 

Corollary 4.2. Let s > 4 be given, and suppose that (I2.18P holds. Then 

II ACH - ?i)/b. < C{e' + IKU^^^ + II Ar||/^.)(ll/llH= + \\Dtf\\Hs), 
where the constant C = C (©(To), ||5||j|^s+3). 

4.3. Formulas for Remainders of b and A. Applying the energy method to the remainder 
equations (I4.4p - (l4.5p . we expect to obtain bounds on the quantity: 

E]'^ := ||r,||^. + WDtrWus. (4.6) 

However in fl4.4l) - fl4.5p . the quantities b — b, A — A, etc., arise as coefficients of the operators 
V — V and Dt{V — V). Moreover, such energy estimates would give bounds on the quantities 
Dtd'^p and Dfd^a, not directly on the quantities and Dtr. So in the following subsections 
we must perform the following tasks: 

(1) Bound b — b in terms of Eg and e. 

(2) Bound Dt{b — b) in terms of Eg, e, and a small multiple of D^r. 

(3) Bound ^ — ^ in terms of Eg, e, and a small multiple of Dfr. 

(4) Bound D^r in terms of Eg, e and a small multiple of A — A, and thus bound D^r, 
A — A and Dt{b — b) appropriately by Eg and e alone. 

(5) Show that Dtp and Dtcr are equivalent to Dtr and -D^r, respectively. 

Since b and A are intended to be power expansions in e of 6 and A up to at least quadratic 
terms, we expect that the differences b — b, Dt{b — b) and A — A will be of size (9(e^/^). 
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Step 1. Controlling b — b by Es and e. In order to use fl2.13p . we write 

(/ -n){b-b) = {I - n)b + {H- n)b - (/ - H)b 

By the multiscale calculation, the residual quantity 

[i-n)b + [D,ln]'^-^ 

consists only of terms O(e^). The largest number of derivatives of B appearing in this 
residual is through the term 'H2DtC,^^\ where three derivatives fall on B. Hence this residual 
is bounded in by C(||i?||j^s+3)e^/^. By Corollary 14. we have 

m-H)M\Hs<C{^ + El'')\\b\\Hs 
< CieE]/^ + e'l^) 

where C = C{&(To), \\B\\hs+3). Observe that in the last step we have relaxed the estimate 
so that every term is of the optimal size (9(e^/^). 
It now suffices to consider the difference 

(,Q, 



(a 

Estimating each of these terms in H'^ using Proposition IB. 11 we sum the bounds under the 
assumption of fl2.18p to find by Corollary 14. II that for s > 4: 

\\b-b\\Hs <Ce'/' + C{eEy^ + e'/^) 

+ CEl/\El/^ + e) + C\\b-b\\Hs{5 + e) 
+ CeE]/^ + Ce{e' + El'^)e^/^ 
<C{E, + eE]'^ + + c\\b - 6||^,.(e + 5) 

and so choosing eo and 5 so that the coefficient C(e + 5) of ||6 — on the right hand side 
is less than ^ for all e < eo yields the bound 

\\b - b\\Hs <C{Es + eE]/^ + e'/') (4.7) 
where the constant C = C{&{Tq), \\B\\fjo+i)- From this bound and (13.251) we also have 

\\b\\Hs<C{El/' + e'/') (4.8) 

24 



Step 2. Controlling Dt{h — b) by Eg, e, and a small multiple of D^r. To control Dt{b — b), 
we write 



(/ - H)Dt{b -b)= ({I - H)Dtb - (J - n)Dtbj +{H- V)D,b - (J - "H) (6 - b)dj) 

By Step 1 and Corollary 14. II we have that 

||(/ - V,){b - b)dMHs < C{E, + eE]'^ + 

and 

\\{n - n)m\Hs < C{e^ + El/'){e'/^) < C{eEl'^ + e''^) 

where the constant C depends only on ©(Tq) and ||i?||/^s+4. To estimate the remaining terms 
we appeal to the formula (12.171) : 



2 



(/-H)A&= [AC,^]- 



By a multiscale calculation, the term {I — 1-1)0 tb has the property that the residual quantity 



[I-V)Dtb-[Dt<:,U\ 



~~ ~M2b-btO 



]_ r ( Dtaa)-Dtm 

TTiJ [ C»-C(/3) 



(C^(/3) - l)d^ 



is of size O(e^). Therefore it suffices to estimate the difference between each term in (12.17P 
with its approximate analogue. We may estimate the first such difference crudely, since by 
Step 1 we have that 



(,a 



< 



[DtCn] 



{b - b\ 



+ 



Co 



< C{E, + eEll^ + 

where the constant C depends only on G{Tq) and ||i?||jys+4, and where we estimated the 
commutator [DtC,^l-i]^ term- by-term. The estimate of the difference 

So Qa 

proceeds by decomposing in the same manner as in Step 1, and yields the bound C{Es + 
eEV' + e^l^). 

Next, by writing DtC, = Dtr + (6 — b)(a + Dt(, the remaining singular integrals 
1 r f DtCja) - Dtm \'^ ,,,, 1 f f btCia) - D,a(3)' ' 



rrtj \ C(«)-C(/3) ; 



\ C(«)-C(/3) 



(C^(/3) - l)dp 
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are controlled in with Proposition IB.ll by C{Es + eE^^ + e^/^). Finally we address the 
difference 



Co 



Again decomposing in the fashion of Step 1, we arrive at a sum of commutators all controlled 
in by C{Es + eE^^ + e^^^) except for two commutators. The first is 



Ca 



which is controlled in by {E^^ + e)||i5^r||i^s. The second is 



Co 



Dtib -b))Ca+ib-b){ ACa + 5a AC , ^ 



Co-1 
Co 



which has been expanded using (13.301) . and is controlled in H'^ by 

C6\\Dt{b - b)\\H^ + C(A + eE]/' + e'/') 
Summing all of these estimates, we therefore have for 6 chosen sufficiently small that 

II A(& - b)ys < C{E, + tE]'' + 6^/^) + CiE]/' + t)\\Dlr\\Hs (4.9) 



Step 3. Controlling A — A in terms of Eg, e, and a small multiple of D^r. Since ^ = 1 by 
(I3.26p . it suffices to control ^ — 1 in H^. The right hand side of the formula (I3.26P consists 
of terms that are almost the same as those in the formula (12.171) for Dtb, and so the same 
methods of estimation will apply. However, from §3.3 we know that A2 = 0, and so we will 
want to decompose the right hand side of the formula (I2.14p so that it is easily seen that the 
pure O(e^) contribution vanishes. From (I2.14p we have 



iI-n)iA-l)=t[D^C,'H] 



Co-1 



+ ^[AC,-H] 



Ca Ca 

Decomposing the difference corresponding to I2 as in Step 2, we have 



:= h + h 



Ca 



Ca 



where C = C{&(Tq), ||i?||//s+4). The difference corresponding to Ji is decomposed as follows: 

Sa (,Q, Sa Sa 

+ [Dfcn] m,n- n]k 

\sa (,Q, y (,a 
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Note that in the expression DfC^ five derivatives fall on B through and so we need five 
extra derivatives on B to bound in H^. Using Step 1 and Corollary 14. II then gives 



Co 



where C = C(6(To 



+ C{e + E]!^) (\\Dlr\\Hs + || A(6 - 
1511 ji^s+s). Now since a multiscale calculation shows that the function 

consists only of terms of order 0{e'), the highest number of derivatives appearing is through 
the term 'H2d'}C^^^ which contains five derivatives of B. This residual is thus controlled in 
by C(||-B||i:/s+5)e^/^. Combining these estimates, we can choose eo and 6 sufficiently small 
so as to arrive at the following estimate for A — A: 

\\A - A\\hs <C{E, + eE]/' + + C (e + E^^) qDMn^ + II A(& - &)||//0 

Now using Step 2 and possibly choosing S and eo smaller still allows us to give the following 
preliminary bound for A — A: 



\\A - A\\hs <C{E, + eE]'^ + 6^/2) ^c{e + E'J^) \\DMh^ 



(4.10) 



Step 4- Bounding Dfr in terms of Eg, e, and a small multiple of A — A. We start by deriving 
a formula for D^r. Changing variables via in (11.2^ yields the equation VC = —i and so 
decomposing as ,^ = ,^ + r yields 

Pr = -i -Va - Vl 

= _ ^Dth - lA) -{V- V)l - Vl 

= -Dtb + i{A -1)-{V- V)l - Vl 

and so 

- iT^ = i{A - 1)(1 + ^a) - (A' - Dl)i - Vl - Dtb (4.11) 

By Proposition 13.21 we have HP^Hh" < Ce^/^ with the constant depending on ©(Tq) and 
||-B||iys+5. Next, using Step 1, fl3.30p and fl4.10p gives 



We also have 



- DDIWhs < Cell A(& - h)\\Hs + Ct (A + eE]'^ + e^/^) 
< C{,"' + 5)\\Dlr\\Hs + C (A + eE]'^ + 

\Dth\\Hs < \\Dt{b - b)\\Hs + IKA - Dt)b\\Hs + Ce'/' 



C{E, + eEl/^ + e>'^) 



Finally we have from (14.101) that 



II (^ - l)C„||i^. < C (A + ^E]'^ + e^/^) + C(eV2 
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\Dlr\\H^ 



Combining these estimates through (14. lip gives 

\\Dlr - ir^Wns < C {E, + eE'J' + e'/') + C{e'/' + 6)\\DMhs 

Hence we can choose eo and 6 sufficiently small so that 

\\DMhs < \K\\hs +C{E, + eE]'^ + e''^) 

< C{El'^ + e'l^) (4.12) 

where the constant C depends only on ©(To) and ||-B||//3+5. Then we immediately have 

\\A - A\\hs < C{E, + tE]'^ + e^/2) (4.13) 

by virtue of Step 3, as well as 

\\Dtib - h)\\Hs < C{E, + eE]'^ + e^/2) (4.14) 

from Step 2. From this last inequality we have 

\\Dtb\\Hs<C{E, + eEl'^ + e>'^) (4.15) 

Note that from (14.111) . applying (I4.13p . (14.151) . we also have the estimate 

Wt^Whs - CiEs + eEy^) < C\\DMhs + Ce^^' 

and hence if we choose 6 and eo sufficiently small, we conclude that 

E]/' < CmrWns + \\DMhs + e'/') (4.16) 

Step 5. Showing that Dtp, a and Dta are equivalent to Tq, and Dtr. In the sequel we will 
show that the energy constructed from the equations of §4.1 is bounded below by the sum 

s 

^||Aa>|U. + ||Aa>|U. 

n=0 

Therefore, this energy will control Eg provided we can show that Eg is bounded above by 
this sum. We will show that this is the case with the following three claims. 

Claim 1. For s > 4 we have, for 5 and e < eo chosen sufficiently small, that 

\\Dtr\\Hs < CMhs + C{5 + e)^]/' + Ce^/^ 

and 

MH^<CEl/^ + Ce'/^ 
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Proof of Claim 1. Denote := \Dt{I — Ti)^ — \Dt{I — l-L)^. First consider the difference 

D,r-^ = Dti-]^Dt{I-'H)i 

- (A - Dt)l 

1 _ (4.17) 

-{h-h)L 

By Step 1 we have that ||(& — &)fa||H= < C{Es + eEl^"^ + e'/'^), and by a multiscale calculation 
we have that \\Dti — \Dt{I — iVj^Wu^ < Ce'/'^. The final term can be expanded as 

Decomposing these terms as in Step 1 yields a sum of terms all bounded in by C{Es + 
tEl^"^). The only terms which are not immediately (9(e^/^) after this decomposition are 



whose leading O(e^) term is 



iici:',Hoic'+i«'"d:'=o. 



Hence, we have 

llAr-^ll^. <C(E, + eEy2 + ,5/2) 

We can further write 

Dtr-(T = Dtr - ^(/ - H)^ 

which by virtue of (]4.2p and the above bound on Dtr — J" yields 

\\Dtr-a\\u^<C{E,^tE\l^^€^l^) 
Hence for sufficiently small 6 and eo the claim follows. □ 

Claim 2. Given s > 4, then for 6 and e < eo chosen sufficiently small we have for all 
n = 0, 1, . . . , s that 

s 

\\Dlr\\ns < ||A5>|U2 + C(e + b)E\l'' + Ce^/^ 

n=0 
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and 

Y,\\Dtdy\\L^<CEll' + Ce'l' 

n=0 

Proof of Claim 2. First note that for every n = 0, 1, . . . , s we have 
dlDlr - D^dy = d2{D^r - D^a) - [6, dl]a^ 

The latter term can be easily estimated by C{eI^'^ + e^^^)^ using the product rule, Claim 
1, and Step 1. Therefore it suffices to bound D^r — Dta in H^. Again denote := 
- n)^ - Dt{I - H)t so that a=\{I- U)J. We first write 

Dlr - Dta = D^r - ^Dt{I - U)^ 

= ^Dt{I - H)Dtr + ^Dt{H + W) Ar + - n) {D^r - J) 

1 T 1 

= -A(/ - ^)Ar + -Dt{:H + n)Dtr - -[DtC,n]^{Dtr - J) 

All of the terms except the last are appropriately bounded in H^, by (14. 2p . Lemma I2.H 
Claim 1, and Proposition IB.ll Hence it suffices to estimate D^r — DfJ^ in H'^. We have by 
( KIT} that 

-Dt{{h-h%) 

The last two terms are controlled by C{Es + eEl^'^ + e^/'^) by Step 1, f l4.14p and by a multiscale 
calculation. Using Proposition 12.11 we can write 

Now we effect the usual decomposition of all of these terms. The terms which are not of size 



to to 

Qototo 



= 0, 

This completes the estimate of the term D'^r — -DtJ^, and hence the claim. □ 
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Claim 3. Given s > 4, for S and e < eo cliosen sufficiently small, we have for all n 
0,1, ... ,s that 

s 

\\Dtr\\Hs < Cj2\\Dtd2p\\L^ + C{E, + eE]'^ + e"') 

n=0 

Proof of Claim 3. First observe that we can write 

Dtr - \d,{I - H)r = D^r - ^{I - H)D,r + i[AC, H]^ 



and thus 



Taking the norm of this equation, using (14. 2p and summing over n = 0, 1, . . . , s yields 

s 

\\Dtr\\Hs <CJ2 WDtd^ph^ + C{E, + eE]'^ + e''^) 

n=0 

and so the claim follows. □ 

Summary of Estimates. Hence we have shown that for s > 4, there exists an eo > and a 
5 > so that if f l2.18p holds, then for all < e < eo, the quantity h is bounded in H'^ by 
C{eI^'^ + e^/^), and the quantities 

b-b, A -A, Dtib-b), Dtb 

are bounded in if"* by C (^E^ + eE^^ + e^/^j, where the constant C depends only on ©(To) 
and ||i?||j:^s+7. It is also useful to note that under the same conditions, 

ll&alk-i < \\b - Hh^ + ll&all/f-i < C{Es + eE]'^ + e^/2) (4.18) 
Finally, from step 4 we have that for 5 and eo sufficiently small, 

C,(\\Dtr\\Hs + mrWus - e"^) < E]'^ < Csdl Ar||/^. + \\D^A\hs + (4.19) 
from Step 5 and (I4.16P we have that for 5 and eo sufficiently small. 



E]/^ < C^(||A5>|U. + \\D,dyU^) + Ce'/^ 

n=0 

s 

WWhs + \\Dta\\Hs + \\Dtdy\\L2 < CE]/^ + Ce^/^ 



(4.20) 



ra=0 
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4.4. The Estimates of the Cubic Nonhnearities in the Equations for the Remain- 
der. Now that we have satisfactory estimates of the remainders of the auxihary quantities, 
we can show that the right hand sides of (14. 4p and (14. 5 p are sufficiently small to provide 
suitable energy estimates. We begin by controlling the quantities appearing in the right 
hand side of (imi) . 



Proposition 4.2. Let s > 4 be given. Then there exist eo, 6 so that if (I2.18P holds, then for 
all e < eo, 

WVpWhs < C [El'^ + eE, + e'E]/' + ,"^) 
where the constant C = C{&(Tq), \\B\\f{'>+7) ■ 

Proof. By (14. 4p we must estimate the terms 

{G-G)-{I - H){V - V)l +{H- H)Vl - [V, H]l 



+ 2 



d^Dd + 2 [AC, ^ + 2 [AC, ^ 



We estimate these terms in steps. We make the blanket assumption that all constants G 
may depend on &(Tq) and ||i?||j|/s+7. 

Step 1. We collect in this step terms with immediate bounds. We have already seen 
though Proposition O that \\[V,n]^\\H^ < Ge'l'^. We also have by Corollary O that 

- 'k)Vl\W < C{e' + El/')\\n\\Hs < G [e'E]/' + e'/') 
By (I3.3ip and the estimates we obtained in Section [^^31 we have 

||(/ - n){V - VMh^ < G (eA + e'A'^' + e'^') 



Next, 



H" 



< G [E]'^ + e) (A + eE]'' + e"'^) 

< G {Ell^ + eA + e^E]/^ + e^/^) 

where as usual we estimated the former term with Proposition IB. II and the latter term 
crudely in H^. By (14. 2p . (14. 3 p and Corollary 14.11 we have 



2[AC,^]=^Ar 



[DtC,n]^ii-n)Dtr 



<G{El/' + e) (Es + eEl/' + e'/') 
< G (A'/' + eEs + e^E]/^ + 
Step 2. Next we consider the integral 

1 nDtaa)-Dtm\~ 



c(«)-c(/3) ; 
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Since this integral is cubic, the only way it will contribute a term larger than 0{e'l'^^ is if 
it contributes a term independent of r of order 0{e'\ To see that this does not occur, we 
decompose the integral in the same way as in Step 2 of §4.3. 

Decomposing the differences in the numerator of the integrand by writing 

AC = Ar + (&-6)C + AC 
yields a sum of integrals depending on r or 6 — 6 which are controlled in if* by 

C {eE, + e'El/') , 

as well as the following integral: 




AC(«) - AC(/3) 



C(")-C(/3) 

Next, decomposing the differences in the denominator of this integral via the identity 

1 _ 1 ac^)-m 

C(a)-C(/3) (C(«) - C(/3)) (" - /3) 

yields a sum of integrals controlled in by 

along with the integral 

1 ffm^)-D.m\ 



Tci J \ a — /3 

Expanding Dt( and C,a in powers of e and collecting like powers yields a sum of integrals 
controlled by Ce''/^ except for the leading term of size O(e^) given by the integral 

2 



which is also controlled by Ce^/^ by Corollary 13.11 
Step 3. We turn to the term 



Decomposing the differences in the numerator of the integral as in Step 2 yields a sum of 
singular integrals. All but one of these singular integrals depends on r and are controlled in 

by 

C {eE, + 6^^1/2 + ,7/2^ 

The remaining singular integral is given by 

^ J ^^^p 

of which the leading term is isolated by expanding ( = a + e^^^-* + e'^C^'^^ + £^C*^^\ yielding 



— e 

n 
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By the same calculation in §3.3 showing that the Ii term of G3 vanished, we see that this 
leading term is actually O(e^) by Corollary 13.11 Therefore only terms of size O(e^) appear, 
and so we have that 



Similarly, the same method of decomposition allows us to expand G in the same way, 
until the leading term of the part of the decomposition that is independent of r is apparent. 
However, this leading term of size O(e^) is by construction equal to G, with which it cancels. 
Therefore G — G and hence the whole right hand side of (14.41) is bounded in by C {Es^"^ + 
eE, + e'Ey' + e'/'). □ 

Next we consider the right hand side of (14. 5p . 

Proposition 4.3. Let s > 4 be given. Then there exist eo > and S > so that if (12.181) 
holds, then for all e < eg, 

\\Va\\Hs < C + + e^E]'^ + e'") , 

where the constant C = C((3(To), ||-B||iys+7). 

Proof. It suffices to show that the following terms are (9(e^/^): 



_8|AC.«l^ + - 



AC(c^)- AC(/3) Y 



C(«)-C(/3) J 

- ii~n){v~v)Dtii-n)i 

+ (/ - n)iDtG - btG) -{I- H)e\btR) 
:= h + l2 + h + h + h + h + h- 

Clearly ||/7||_f/» < Ce'^'^ and II/sHh^ < Ce^l'^ . By (I3.3ip . and the estimates of §4.3 we have 
that 

< C{Ell^ + eE, + e^^y^ + ^7/2) 

Using Lemma [271] along with Proposition lB.il we can decompose DtG into a sum of singular 
integrals as in Step 2 of §4.3. Each of these integrals can be bounded by CiK'J'^ ^eEg^e^E^J"^) 
except for -DjG, which has leading term of size O(e^); but then /g is C(e^/^). Similarly, if we 
effect the usual decomposition on the right hand side of the formula (I2.16p . we see that the 
only term not of size (9(e^/^) is the term 



([d:iHo]dl + [do^^o]c 



-(1) 
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and hence that \\h\\H- < C{eI''^ + eEs + e^E^^ + e^''^). By Step 5 of §4.3 and Proposition 
IB. II we estimate I2 as 

\\l2\\Hs<C{El'^ + tf\\a\\Hs 

< C{El'^ + eEs + e^E]/^ + e"^) 
The only term left to estimate is Ji. We first write 

2[AC,^]^V^ = 2[AC,'H]^V^ + 2[AC,^]- 



and by Step 5 of §4.3 we have that the latter term is bounded by C(i?f''^ + ei?s + e^£'y^ + e''/^) 



in H'^. Next we have 



Set 



Cc 

and the former term is bounded in by C{Es^'^ + eE's + e^El^"^). Of the latter term we 
write using Proposition 12.11 that 

Finally, we have by (14. 2 p that 

— ^ doDtr 

Co 

Therefore ||(/ — 'H)D^r\\Hs < C{Es + eE^^ + e^^^), from which the Proposition follows. □ 



(/ - n)D^,r = [AC, n]^^ + A (-(/ - ^)AC - (/ - - A)C + - ^) AC 



4.5. Construction of the Energy for the Remainder. In this section we construct the 
energy corresponding to the equations fl4.4p and f l4.5p . We then show that this energy obeys 
a differential inequality which yields a priori bounds on a 0(e~^) time scale. The energy so 
constructed will control the quantity || A^^H^s + ll-Dj r|||^s, and hence by fl4.16p it follows that 
for sufficiently small energies also yields suitable bounds on Eg. 

Bounds on the Equations for the Derivatives. We must first show that the nonlinearities in 
the corresponding equations for the derivatives are appropriately bounded in L^. 

Proposition 4.4. Let s > 4 and 1 < n < s be given. Then there exist eo > and 6 > so 
that if (I2.18P holds, then for all e < e^, if Q = p, a, then 

WVd^^Qh^ < C{El'^ + tEs + t^E]'^ + 
where C depends only on ©(Tq) and \\B\\hs+7 . 

Proof. Let G = p, cr as above. Observe that for any n > 1 we can write 
Using the identity 

[dct,V] = {d^{Dth-i{A-l))]d^ + 2h^Dtd^ (4.21) 
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we rewrite as 



n 



Now using the identity 



Dtdi = diDt-Y.di-\d^,Dt]d'-' 
1=1 

= diD,-j2di~'Kbadl) (4.22) 



1=1 



we have by the product rule, Steps 2 and 3 of §4.3, f l4.18p and Proposition 14.21 that for all 
1 < n < s, 

WVd^^Qh^ < c\\ve\\Hs 

+ C\\Dtb-i{A-l)\\Hs\\daQ\\Hs-i 
+ C\\ba\\H'-i{\\DtQ\\Hs + \Ke\\H'-i) 
< C [El'^ + eE, + e^E]/^ + e''^) 

where the last inequality follows from Step 5 of §4.3. □ 

Construction of the Energy and the Energy Inequality. Now that we have shown that the 
equations for the derivatives of the quantities in (14. 4p and (14. 5 p also have 0{t'^'^) nonlin- 
earities, we can construct the energies corresponding to these equations. Since the principal 
operator of fl4.4p and f l4.5p is P, we can use the same construction given by Lemma 4.1 of [13] 
to construct our energy; we record this lemma here for convenience. 

Proposition 4.5 (c.f. Lemma 4.1 of [13j). Suppose that a function 6 G C°([0, T]; i^^/^) fl 
C^([0,T];L^) is given satisfying VQ = ^. Define 

(B{t) := j ^\Dte{a,t)\'^ + ie{a,t)Qa{a,t)da 

Then 

Moreover if Q is the trace of a holomorphic function on ^{ty , i.e., if Q = |(/ — 'H)Q, then 

iQQada = — J iQQada > 

For brevity, we introduce the quantities 

:= d^p and a^") := 9> (4.23) 
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We cannot use the second part of Proposition 14.51 directly for n > since p*^") and cr*^") need 
not be the trace of a holomorphic function on Q{tY. Hence we further introduce the notation 

p(") = 1(1- 'H)p^'^^ + ^(^ + •= + ^^"^ 

W)(J^''^ + \{I + •H)(t(") := + 5^") (4.24) 



^(n) 



Consider now the case < n < s. Define 



and 



= / -^1 Ap^"f + rf« (4.25) 

-F„(t) = y + ^^("V^r^ tia (4.26) 

We must show that the parts contributed by ^ to the energy inequahty by the parts of 
these terms that are antiholomorphic in VL{tY are at most of size 0{e'). 
Observe first that we can write 



1 " 

= S{i + n){i- H)r - -Y.di-^[d^,n]di-\ 



3 = 1 

= -\j2dl-^[C.-l.n^ (4.27) 

and so 7^(") is bounded by C{Es + eE]'^ + e''^) in L^. Writing = p(") - 7^(") in 8n yields 

^„ = 1 ;^|Ap("f + ^p'^-¥:^ da-zj ^^^i"^ + 7^(")0l"^ + 7^(")^!:^ rfa 
Differentiating this with respect to t and integrating by parts yields 

§^/>(A7.«P/.>)-ic/-(^)|A.'"f<i« 

+ 20 1 Rfl^i"' + + da (4,28) 

We want to show that the right hand side of this inequality is 0{e'). By Proposition 14.41 and 
f l2.16p it is clear that the first integral is C(e^), and so it suffices to show that the second 
integral is of size 0{e'). 

The arguments for handling the first two terms rely on the fact that cf)'^'^'' and 7^^"^ are 
almost orthogonal in L^, and so the arguments showing these terms are small are similar to 

each other, so we will only consider the term 7ll"'^(j)^^\ We have 

1 1 (9 7?(") 

7^^") = A5^(/ + 7/)7^w = A(/ + H)7^1") + [Ct,^]^^ 
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and since the latter term is (9(e^/^), it suffices to consider only the former term. Like- 
wise, recalling that the adjointo Ti* of the Hilbert transform satisfies the identity Ti* f = 
—Ca'H{f/Ca), the identity ["H, da/Ca] = of Proposition 12. II implies that daH = —l-Cda, and 



2 



SO we can write as 



But now, using the usual L pairings (, ), we have 

1 /-^(n) nTfT ^ar\i^n+l- 



Therefore 



and so these integrals are bounded by 

From (14.271) . estimating as usual gives bound of 7^i"^ and 7^S"^ in of + tE^'^) and 
C(£^s + eEl^"^ + e^/^), respectively. Summing these bounds, we have that fl4.28p reads 

^ < C{El + eEl/^ + 6^^. + e^'^El'') 

(JjL 

If we try to apply the same argument to J-'n as we just did to £n, we find that has an 
extra half-derivative than can be controlled by the energy, since J-'n consists of quantities 
with one time derivative more than the quantities comprising Sn- Now since 

dJ^n 



dt 

which by Step 5 of §4.3 and Proposition 14.41 implies 

Hence we need only show that the quantity Tn itself is bounded below by ||Dtcr'^"'^||^2 up to 
a term of size C(e^), for n = 0, . . . , s. By writing a^") = V'^"^ + we can use Proposition 
14.51 to estimate 



^The adjoint T* of a linear operator T : ^ L? is defined by / fT*{g)da = / gT{f)daioT all f,g eL'^. 
^Here we use the real inner product (/, 5) = J f gda for f,g L^. 
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Now, as with 7l^"'\ we can rewrite 



5^ = -ki+n)j2d:~nca-i,n]fdi-'a 
^ ,=1 ^« 

^ ,=1 ^- 

From the above formula for '\\)'^'^^ we see that has one more spatial derivative than the 
energy provides. However, if we integrate by parts and use Step 5 of §4.3, we can estimate 

> j L\D^a^^)\Ma-C6{E]l^ + e>l^f 

> J ^\Dt(j^''^\'^da-C5{Es + e^) 



If we set 



£ = J2i^n + J'n) (4.29) 



n=0 



and if we choose 6 sufficiently small, then we have by f l4.20p that 

^1/2 < CS'/2 _^ ^^5/2_ 

Thus if we choose eo and 6 still smaller, we have from the inequality 

E + ^) < Ci^s + eEl'^ + e'E. + e^'E]'^ + e') 

n=0 ^ ^ 

that the following lemma is demonstrated: 

Lemma 4.3. Let £ he defined as in (14.291) . Then there exists an > and a 6 > so that 
if fl2.18p holds, then there is a constant C = C{eQ,6) so that for all e < eg, 

(1) E'J^ < C{S'/^ + e5/2) 

(2) f < C(f 2 ^ ^^3/2 ^ ^2^ ^ ^7/2^1/2 ^ ^6) 

where the constants C depend only on eo and 6. 

A Priori Bounds on the Remainder Energy. Now we can derive a priori bounds from the 
energy inequality derived in the last section. 

Proposition 4.6. Let s > 4, £^ , Bq G H^^^ be given, let eo, S be given. Let Tq be a time 
so that f l2.18p hold. Suppose further that S{0) = Mge^. Then there is a possibly smaller 
Co = ^o{'^,Mq,6, \\Bq\\hs+7) so that for all < e < and <t < min(To,e~^^) we have 
£{t) < Ce^ where the constant C = C{£^,Mo,S, ||Bo||hs+7). 
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Proof. Let Cq be the constant appearing in Lemma H73l Define S{T) = supo<t<r Then 
for any T G [0, min(To, e~^^)] we have for all t G [0, T] that 

< Co {S{T) + e5(T)i/2 + e^) S{t) + Co(e^/25(T)i/2 + e^) 
Solving this differential inequality for < t < T gives 

^^^^ - V^^^ + 5(T) + e5(r)V2 + e2y) ^ 
and so taking the supremum over [0, T] gives for all T < min(To, e"^^) that 

^ + sSvSSvf^) e--'-<-)+-<-)""+''>- (4.30) 

We now begin a continuity argument. Let Mi be the positive root of the equation 
ig-3Co^j^^^ = Mo + ^Mi + 1. If 5(min(To,e-2 5')) < MiC' then we are done. If not, let 
T* < min(ro,e-2^) be the first time at which S{T*) = Mie^. Choose eo so that eoMi < 1. 
Then we have from f l4.30p that 



< (Mo + V^+l)e 

< -Mle^ 

which contradicts the definition of T*. □ 



5. Long time existence of wave packet-like solutions 

We would like to show that for wave packet-like data, the solution of the water wave 
system f ll.2p -( lL3|) exists on the 0(e~^) time scale, and is well approximated by the wave 
packet whose modulation evolves according to NLS. Thus far we have found a globally 
existing approximation (, as well as a suitable a priori bound on the energy of the remainder 
r for 0(e~^) time scales. Since ( does not in general satisfy the water wave system, the wave 
packet data {({0), Dt({0), D^({0)) cannot be taken as the initial data for the water wave 
system f lT:2|) - fO|) . 

In what follows, we will show that there is data for the water wave system that is within 
C(e^/^) to the wave packet {({0), DtC{0), D^({0)). Moreover for all such data, the solution 
of the system fll.2p - fll.3l) exists on the 0(e~^) time scale. The a priori bound on r gives 
the estimate of the error between ( and the wave packet ( on the order 0{e^^'^) for time on 
the 0(e~^) scale. The appropriate wave packet approximation to z is then obtained upon 
changing coordinates back to the Lagrangian variable. 

5.1. Construction of Appropriate Initial Data. Notice that we can parametrize the 
initial interface z = z{-,0) arbitrarily, and that we are only concerned with such data that 
Za{-,0) — 1 is (9(e^/^). For any initial interface that is a small perturbation of the a;-axis in 
this sense, k(-,0) : M — i- M is a diffeomorphism (c.f. Lemma l5.3p . Hence we may without 
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loss of generality assume that z = z{-,0) is initially parametrized so that K,{a,0) = a, and 
hence that z{-, 0) = 0). 

In order for {Co,vo,wo) = (C(0), AC(0), A^C(O)) = {z{0), Zt{0), Ztt{0)) to be data for a 
solution z of the water wave system f ll.2p - fll.3l) . we must enforce the compatibility conditions 
(/ — 'H^(,)T;o = and Wq := i^o^aCo ~ h with the formula for Aq given through f l2.14p by 

(/ - n^Ao - 1) = ^[wo, n,,]^ + ^[vo, ^Co]|?, (5.1) 

where Co := + We therefore define the manifold of initial data for fll.2p - fll.3p or for 
(E7!)-(EIID by 

= m,Vo,Wo) : i\D^\'/%,Vo,Wo) G H^^'/' x H^^' x H^~^'/\ 
Co = H^o+o^Co, (I - y-CQ+a)vo = 0, Wo = iAo{daCo + 1) -i} 

with ^0 defined by flS.ip . 

In the remainder of this section let s > 6 and A; > be fixed, and let an arbitrary initial 
envelope Bq G H'^^'^ be given. By Theorem EIH for any ^ > there is a 5 G C([0, H''^'^) 
which solves f l3.20p with initial data -B(O) = Bo- Using f l3.24p we can construct, using this B, 
an approximate profile ( G C([0, ^e~^] ; if**"^^) satisfying fl3.32p which solves the equations 
( ETl) -( E:5]) - flCT]) -f ETT]) up to a residual of size O(e^), provided the initial profile C(0) is 
calculated through Bq. 

As we observed above, we cannot simply take (^(0), -DjC(O), D^({0)) as our initial data for 
f l2.7p -( l2TTTl) . as these may not be in the manifold Since we found in Proposition 14.61 
that a (9(e^/^) error is acceptable, we construct data for — a, DtC, D^Q which lie in the 
manifold and which are also 0(e^/^) away from (^(0), -DtC(O), -D^^C(O)). 

Lemma 5.1. For sufficiently small eo(||-Bo||i/=+'^) > 0, there exist functions G H^^^ and 
t>o G H^^^ with Co + ^0 such that for all e < eo the following properties hold: 

(1) eo = i(i+Wco)e(o), 

(2) \\io-m\\H^^<^<C{\m\H^^.)e^''- 



(3) vo := l(/ + Hco)AC(0) satisfies ||t;o - AC(0)||h^+4 < C(||So||h^ 



'7 e 



3/2 



(4) for {iQ.vo) as constructed in parts (1) - (3), wq := iAodaCo — h with Aq calculated by 
(KT\f satisfies \\wo - e{iu)X^^KO)\\Hs+i < Ce^/\ 

Proof. We prove Part 1 by an iteration argument. Define a sequence of functions gn{c(, t),n = 
— 1, 0, 1, . . . along with 7„(a, t) := a + gn{c(, t) by setting g^i = and for n > —1, 

<7„+i = i(l+W,je(0) (5.2) 

Observe first that go = |(/ + 'Ho)'C(O) and so ||5'o||h=+6 ^ C'(||-Bo||//^'+7)e^/^. Next, as in the 
proof of Lemma 14.21 we can write 

- «,.-.)/ = i /log (i + (^'-S'-Ma) -(.s.-s. Mm \ ^ 

TTZj V 7n-l(a) -7n-l(/3) / 

1 f f (g'nm - 9n-im in-im{{9n-9n-l){a)-{gn-gn-l)m\f^p-^^p 



T^i J \ 7n(a) - 7n(/3) (7n(a) - 7n(/3))(7n-i(«) - 7n-l(/3)) 
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From this formula and Proposition IB.ll we have the estimate 

- H^^.J/ll/f^+e < C [WgnWHo+a, ||5'n-l||/f=+6) \\gn - 5'n-l || //=+6 |l / II ^"+6 

if we can show that 7„ and 7n-i obey the chord- arc condition. However, there indeed exists 
some 6 G (0, |] so that if ||5'n||_H'''+6, Hs'n-illiTs+e < 6, then 7„ and 7„_i satisfy the chord-arc 
condition and the operator norm ||'H7„ — 'H^„_ J|hs+6_j.ji/s+6 < — gn-i\\H'>+^, where Ci 

is a universal constant. Choose eg so small so that Ci||^(0)||//s+6 < 6 and Hfi'oll/i's+s ^ 
It now suffices to prove the following statement by induction: For every n > 0, 

Ikn+l - fl'n||H=+e < 2^11^" ~ 9n-l\\H=+fi and ||5'n||/f''+6 < S 

By our choice of eo we have already shown the case n = 0. If we assume the above statement 
is true for all integers k = 0,1, . . . ,n, note that 

\\gn+l - ^n||//=+6 = ^||('H^„ - ^7n-i)f(0)||H-+6 

< 2"'^'^" - 'H^„_J|H»+6^J/»+e ■ ||f(0)||H-+6 

< 2^\\9n - 5'n-l||H=+6, 

from which the induction statement follows immediately. 

To prove Part 2, we note that since ||^o||h»+6 and ll'C(O) ||h»+6 do not exceed 6, we can 
estimate that 

iieo-e(o)b^+« = ^ii(i-^co)e(o)ik^+a 

< ^IK^Co -%o))e(o)lli/=+« + ll(/ -%o))e(o)lk»+6 

<mo-m\\H^+^ + ce'/' 

from which Part 2 follows. Since the construction of Vq is determined by (q. Part 3 is now 
shown in the same way as was Part 2 once we observe that DtC{0) G i/*"'"^ and "H^g is 
bounded from H'^'^^ to H^^^. 

We now prove Part 4. By the definition of Wq we have 

Wo - e{tujn^'\0) = zAMo - I - <i^?C^'\^) 

Since we are assuming ^0 and Vq are constructed as above, we can write vq = {vq — 
e(2w)C(^)(0)) + eiiuj)C^^\0) G H'+^ and = {da^o - e{ik)C^^'> (0)) + e{ik)C'^^\0) G H'+^ in 
the above formula for ^0 — 1- As usual, we can isolate the O(e^) leading term and see that 
it vanishes by a multiscale calculation, and what remains gives us the estimate 

Mo - l||/f.+4 < Ce3/2 + Ce\\wo - eitujyC^^\0)\\Hs+^ 

But then we have by the above that \\wq — e{iuyC^^\0)\\HB+^ < Ce^^'^ for a sufficiently small 
choice of eo- □ 
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Definition. We call {Co,vo,wq) a Bq- admissible initial data if {Co,vo,wq) G ^/^ and there 
is a constant C depending only on WEqWh^+t so that 



Recall from that 

s 

n=0 

s 

< cJ2md:p\\i^ + iiA9>iii.) + m'/'pwu.;. + mi.,.. 

n=0 

It is clear that for i?o-admissible initial data, we have 

£{0) < Ce\ (5.3) 

5.2. Long-Time Existence of ( and z. In this section we will make rigorous the existence 
and uniqueness of the solutions z and ( on the appropriate 0(e~^) time scales. We begin 
with the following local well-posedness (c.f., [12], [T3]): 

Theorem 5.1. Let n > 5 be given. Suppose that initial data ^q, Vq, Wq are given so that 
daz{0) — 1 = daC,o is in Zt{0) = Vq is in if"+V2^ Zu{0) = Wq is in if"; ^q, Vq, Wq 

satisfy the water wave system: i.e. Vq = 'Hz{o)Vo, ^^^^ ""^o = ici.odaz{0) —i for some real valued 
function ao- Suppose further that z{0) = a + ^0(0^)? ct G K defines a chord-arc curve: i.e. 
there exists u > 0, such that 

\a + ^oia) - (3 - ^o{(3)\ >z/|a-/3|, for all a, l3 e R; 

Then there exists a Tq > so that the system fll.2p - fll.3l) with initial data z{0) = C,o + a, 
Zt{0) = Vq, Ztt{0) = Wq has a unique solution z{a,t) for t G [0,To] with the property that 
there exist constants C = C(T, ||9q,^o||_h-"-i/2, ||fo||_H-n+i/2, ||wo||h", i^) and fi > 0, 

\\{Za — 1, Zt, ^tt)llc([0,To];_ff"-i/2x_ff"+i/2x_ff") ^ C {\\daC,o\\ H"-i/2 + || f o || //n+i/2 + HwoH//") , 

and \z{a, t) — z{f3, t)\ > fi\a — f3\ for all a, /3 G R, t G [0, Tq] . 

Moreover, ifT* is the supremum over all such Tq, then either T* = 00 or 

a — f3 



lim \\{zt,Zu)\\c([o,t],H"xH")+sup 



z{a, t) — z{/3, t) 



00 (5.4) 



Given this result, we take any i?o-admissible initial data {^q, vq, wq) G and use Theorem 
l5.1l to construct a solution z = z{a,t) on the time interval [0, Tq] with {za(t) — l, Zt(t), Zuit)) G 
X if**"*"^ X if*"*"^/^. Using this solution we construct the change of variables 

K = Z+]^{I + S^){I + ^)-\z - Z) 

on [0, To] as in §2. In order to use this change of variables to control C, in terms of 2, we need 
the following elementary calculus lemma. 

Lemma 5.2. Let n > let f E if", and let 7 G if" he given with 7' (a) > Cq > for all 

a G M and II7' — l||/^n-i < M . Then 

(1) II/o7||l2<C(co)||/|U2. 
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(2) 11/ o 7||h" <C(M, Co 
Proof. First we have 



Il/°7ll 



L2 



/l/o,f.«)"^(/|/P^)"%-L||/|| 



L2 



which proves (1). To prove (2), first observe that 

||5.(/o7)IU2 = ||(/'o7)7'I|l2 

<c(co)I|71Il-II/'IIl2 

<c(co)(i + iiy- 11^2)11/1^2 

Now let > 3 and let 2 < j < n be an integer. By the chain and product rules there exist 
polynomials Piji'y', • • ■ , 7'^''~^^) of total degreqj at most j such that 



diif o 7) = (/' o 7)5r'(7 - 1) + ° ^) • • • 



7 



0■-l)^ 



i=2 



The lemma follows upon estimating the first term with /' o 7 in andai^"'^(7'-l) m L 
and the remaining terms with f^'-^ o 7 in by (1) and pij in L°°. 



□ 



To use this Lemma to change from the ( quantites back to the z quantities, we need 
control of Kq, — 1 in terms of — 1 in if*. 

Lemma 5.3. Forn > 3, if \\za — l\\c([o,To];H") is sufficiently small, then H^a — l||c([o,ro];H") < 



C\\z„ 



|C([0,To];H")- 



Proof. Differentiating (I2.3p with respect to a we get 



1 = (za ~ 1) + -{I + S))dM + ^) 



-1/ 



dM + ^)~\z-z) 



2 ■ ■ ■ ■ ■ '2" ' Za 

Now the Lemma follows from Lemma [2.21 and the boundedness of the operator Sj. □ 

Since we have chosen initial data that is (9(e^/^), by Theorem 15.11 there is an interval 
[0,To], such that for all t G [0,To], both \\zait) - 1\\h^ and \\zt{t)\\Hs are of order 0{e^/'^). 
Also by Lemma [5.31 we have that \\Ka — is of order 0(e^^'^). Then for e < eg we can 
choose eo > so small that || < I and — IWh" < 1- Applying Lemma [521 we 

can choose eo sufficiently small so that 

WCait) - 1\\hs < C ^-1 



< C\\Za - 1\\h- 



C Kry 1 



and 



mm 



\ZtO K 



-1 



Hs+i < -5 



^This is meant to include both algebraic multiplicity and the number of differentiations. For instance, the 
term /"(/')^ has total order 4. 
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for all times t G [0,To], where S is the quantity required by (12.181) . This now justifies the a 
priori bound (I2.18P on [0,To]. Since we now legitimately have such a bound, all of the work 
through Proposition 14.61 now holds on [0, Tq] for S and eo chosen sufficiently small. We are 
now ready to prove the main 

Theorem 5.2. Let s > Q and k > be given. Let Bq G H"^^^ , and ^ > be given. Denote 
by B(X,T) the solution of (I3.20p with initial data B{0) = Bq, and let (^^^'^ be defined as in 
(I3.12p . Then there exists an eo = eo(||-Bo||H»+7) > so that for all e < eo the following holds: 
there exists initial data {^q,Vq,Wq) G ■s^'^ for the system (ll.2l) - (ll.3l) satisfying 

\\{\D^\''%.Vq,Wq) - (e|Z^„r/'C^'n0),eCfH0),eO?H0))||^.+V2xff^+ixff^+i/2 < M^e^'^ 

and for all such initial data, there exists a possibly smaller eo = eo(||-Bo||_H'''+'^; ^ ■, Md) > so 
that the system (ll.2p - (ll.3p has a unique solution z{a,t) with (^\Da\^^'^{z — a), Zt, zu) in the 
space C([0, ^e-^]; x H'+^ x satisfying 

UUt) - 1, AC(t), A'C(t)) - {<i'\t),eCi'\t),eCil\tmHs.Hs.H^ 

<Ci\\Bo\\Hs+r,3r,Mo)e'/' 

for allO<t< e~2^. 

Proof. Given our initial data, we have shown that there is some time interval [0, To] on 
which a solution to (ll.2p - (ll.3l) exists with that initial data. We have also shown that for 
sufficiently small eo the a priori bound (12.181) on ( holds and k, satisfies || < i 

and — 1||hs < 1 on [0, To]. Now assume that [0,T*] is the maximum of such intervals 
contained in [0, £^e~'^]. We will show in what follows that T* = . We assume now 

T* < a^c'^ for otherwise we are done. 

First we have by (I3.32p . (15.30 . the estimates in Section 4 and Proposition 14.61 that for all 
tG [0,T*], 

\\Dtm\w + iia(t) - \\w^\D\c,{t)\\H^ < \\Dtm\Hs + wLmHs + \\D',m\Hs 

+ II (A - D,)m\Hs + m - DMt)\\H^ 

< Ce^l\ 

In particular, this estimate holds with a constant C independent of T*. 

In order to use this bound on to in turn control 2;, we would like to show that the change 
of variables k can be constructed in terms of C so that it is controlled independently of T*. 
This will imply that there are similar a priori estimates for 2;, and so the long-time existence 
with appropriate regularity will then follow from the blow-up criterion of Theorem 15. 1[ 

We know «;(«, t) satisfies 

Kt{a,t) = b{K{a,t),t) 

K[a, U) = a 
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with b determined through fl2.13p . Writing (15. 7p in integral form, differentiating with respect 
to a, and using Lemma [5.21 then gives the bound 

- < / \\bc,iK{T),T)\\Hs-i {1 + \\Ka{T) -l\\Hs-i)dT 



< Ce'/^ (1 + \K{t) - l||c([0,T*];ff-l)) 

Taking the supremum over < t < T* and choosing eg sufficiently small then yield 

\K-l\\c{[onH^-^)<Ce'/^ (5.8) 

where the constant C depends on J^, and is independent of T*. 

Now on [0,T*], we have that ({K,{a,t),t) = z{a,t). Hence if we apply Lemma [5.21 we have 
for t G [0,T*], 

< c (IIG(t) - + \Kit) - i\\h^-i + IIACWIIh^ + IIA'CWIkO 

and that 

a — (3 



sup 



z{a) — z{l3) 



1 

< 



where the constants C are independent of T*. Thus it follows by the blow-up criteria given 
in Theorem 15.11 that we can continue the solution 2; to t G [0,Ti] for some Ti > T*. On 
the other hand, we can choose eo so small that for e < eo, the bounds Ce^/^ in (15. 6p and 
(I5.8P are small enough that there exist T* < T2 < Ti, so that on [0,T2], H^q, — < |, 

ll/^a — < 1 and the a priori estimate (I2.18P holds. This contradicts the maximality of 
T*. Therefore we must have T* = ^e~^ and the long time existence of z follows. The error 
estimate (15. 5p then follows from (15. 3p and Proposition 14.61 □ 

There is still the matter of interpreting this result in more familiar coordinates. Chang- 
ing variables by k, we can convert the estimates of the above theorem into estimates in 
Lagrangian coordinates: 

II (^„ - zt, ztt) - (eC^') o eCi'^ o eCiP o k)\\hs>chs>chs < Ce'/^ (5.9) 

Calculating the asymptotic expansion oi Za — 1, zt, Zu now depends on understanding n — a. 
From (15. 7p we have that 

K,{a,t) — a= / b{K{a,T),T)dT 
Jo 

Using our estimate of Hkq — l||i^s < Ce^^'^ and writing the integrand as 6 = (6 — 6) + e^62 + e^&3 
yields the following leading order expression: 

K{a, t)-a = -kue^ [ \B\'^{ea + eu'r, e^T)dT + 0{e^''^) (5.10) 

From (I5.10p . we can obtain and justify asymptotics for d^'^z, Zt and Zu without any addi- 
tional restriction on the initial data. However, justifying the asymptotics for '^z^ — 1 requires 
an understanding of the asymptotic for up to order (9(e^''^), which is not available merely 
from the estimates given in Theorem 15.21 We therefore leave open the justification of the 
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modulation approximations for — 1. Note that the leading term of the right hand side of 
(15.1 op can be as large as 0(1) on times of order 0(e~^), and so would contribute corrections 
to the asymptotic formula for — 1- 



6. Justification of an Eulerian Version 

By imposing some additional mild restrictions on the initial data, we are able to obtain 
justifications of the derivative in the space variable of the interface and the trace of the 
velocity field on the interface in Eulerian coordinates. With further restrictions on the 
initial data, we are able to justify the asymptotics for the profile itself. All these reduce 
to obtaining an appropriate bound and, in the latter case, asymptotics for ^({a,t) — a in 
C([0, =y^e~^]; L^), which can be achieved by introducing another quantity as follows. 

Following the proof of Proposition 2.3 of [13], we introduce the velocity potential $(x, t) 
of the fluid in the domain Q{t) that satisfies V$ = v. Let '?/'(«, t) = ^{z{a, t),t) be the trace 
of $ on the interface S(t). If we write \1/ = t/^ o k^^, then the time derivative of the quantity 
A := (/ — 'H)\l/ is comparable to the imaginary part of ( through the identity (c.f. (2.46) 

of my- 

DA = -(/ - HMO - hD.Cn]^^ (6.1) 
We also know by Proposition 2.3 of [13] that A satisfies an evolution equation of the form 



vx = - 



:= Gx (6.2) 

Since G\ is of third order and depends only on — 1, DtC, D^(, we expect that we can 
construct an energy from this equation that allows us to bound DtX by Ce^/^, provided the 
initial energy is bounded by Ce. This is enough to control ||3f?C(-,^) — «||l2 and justify an 
Eulerian version of Theorem 15. 2[ The details are given in Section 6.1 below. 

However, with further restrictions on the initial data we can justify asymptotics for the 
profile itself, and we will devote the remainder of Section 6 to this task. Specifically, we will 
develop an approximate solution A to (16. 2p to the desired order O(e^) and thereby construct 
an energy for the remainder Z = A — A. As was the case with the quantities Dtp and Dta, 
such an energy will bound the norm of DJ for 0(e~^) times. This will allow us to justify 
asymptotics for the profile under reasonable restrictions on the initial profile and the initial 
velocity potential restricted to the initial interface. 

6.1. Justifying Eulerian Asymptotics for Derivatives of the Profile. Our first task 
is to prove the 

Lemma 6.1. Suppose that the hypotheses of Theorem \5.^ hold. Suppose further that \\^q\\l2 < 
Ce^/"^ and || vo||i,2(f^(o)) < Ce^l"^, where vq is the initial velocity field. Then ||3f?C(-,i) — alUa < 
for allt< ^e'^. 
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Proof. We begin by deriving conditions under which — a is controlled in L^. We can 
construct the energy corresponding to (16. 2p : 

= / \\DtX\^ + tW 



A' 

Since A is the trace of a holomorphic function on we have by Proposition 14.51 that 

||-DtA||^2 < CC(t). Formula (16.11) provides the estimate 

' I AAIU2 - ||(/ - H)53C||l2 I < II AA + (/ - -HMOWl^ 

Clearly we also have ||(/ — 'H)'^(\\l2 < C||^||i2. However, by (12. 8p and Lemma [Z2l we 
conversely have that 

= \\(i-n)^aL^ + \m\\L- 

Hence it suffices to show that C{t) is 0(e) whenever t < ^e~^. Now by Proposition 14.51 and 
Theorem 15.21 the energy C satisfies 

^ < Ce'/'C'/' + Ce'C 
at 

therefore 

^<Ce5/2 + Ce2£i/2. 
at 

Solving this inequality gives us that 

sup c{ty/^ <cc{oy/^ + ce^/^ 

Hence the question now reduces to asking which conditions on the initial data imply that 
£(0) is 0(e). We first have that 

I l-\DAo\'da < OIlAAolli^ < (Uoh^ + Ce'/'f, 

and so to control this part of £(0) it suffices to take ||^o||l2 < C*e^/^. 

The second part of C{0) takes more work. Recall that our parametrization for the initial 
data was chosen so that ({0) = z{0). Let ipo, Aq, etc., be the initial values of ip, X, etc., 
respectively. To estimate the second part of £(0), we follow the discussion of initial data in 
section 5.1 of [13]. Observe that we can choose a function Sq holomorphic in Q{0) for which 
3fJ(So) o ^0 = ^0, specifically Sq o = (J + 'H^o)(/ + /C^(J"^\&o; such a function will satisfy 
(9^So = vq. Since we have the operator identity 

(J - -H) - (J + n)ii + icy' = -(/ + n)ii + iq-'ic 

it follows that 

Ao - So o Co = -(/ + Hco)(/ + /Cco)-'/Cc„vl/o 
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Observe that we can control derivatives of \I/o but not \I/o itself; however, the expression for 
/C^(,\l/o contains an extra derivative. Write Zq = {1 — t)(q + t(q, so = Co and Zq = (q. 
Then by the Fundamental Theorem of Calculus we have 

/Cco = ^(?/o+Wo) = -i(H,i-H,o) 

1 

2 Jo ° 

^ Jo 

and so estimating this expression crudely gives the bound ||/C^(,\1/o||l2 < C||^o||l°° H'^^olUa < 
Ce, and so ||Ao — o (q\\l2 < Ce as well. But then we can by Green's Theorem write 

j iXodaXoda 

J Jq{o) 

Hence if we choose || Vo||L2(-f^(Q)) < Ce^^"^, the lemma follows. □ 
We can now prove the 

Theorem 6.1. Let s > 6 and k > be given. Let Bq G H^^^ , and ^ > be given. Denote 
by B{X,T) the solution of fl3.20p with initial data B{0) = Bq, and let (^^^ be defined as in 
f l3.12p . Suppose that the initial interface S(0) is given by a graph {{x,r]Q{x)) : x G M}, the 
initial velocity is vq, the trace of the initial velocity, acceleration on {(x,?7o(x)) : x G M} are 
Do; fDo, which satisfy the compatibility conditions as stated in Theorem \5.1{ and {tiq, Oq, tt)o) G 
H^^^ X H'^^^ X with the remainder estimates 

\\{\DX/'Vo,^o,rvo)-e{^D,\'/\^'\0)Xl'\o)XiPm\\^ < Cie'/' (6-3) 

along with 

||^o||l2 < Cie^/^ and ||vo||l2(j^(o)) < 6*26^/^ (6.4) 

Then there exists an eo = eo(||i?o||_ff»+'^) ^,Ci,C2) so that for all e < eo the following holds: 
There exists a solution to f 1 1.1 1) for times < t < for which E(t) is given by a graph 

: X G M, t > 0}, the trace of the velocity field on {(x,r7(x,t)) : x G M, t > 0} is 
given by t)(x, t), and which satisfies 

for allO<t< STt-'^. 

Proof. First, we will show that the initial data after being reparametrized by n^^, is -Bo- 
admissible. Once we do, a solution z{a, t) exists as in Theorem 15.21 We must then show that 
this solution can be, for possibly smaller eo, written as a graph, and we must give remainder 
estimates for this graph corresponding to the remainder estimates of ( in Theorem 15.21 

We begin by showing that the reparametrized data satisfies the hypotheses of Theorem 
15.21 Let 7o(a,t) = a + ir]o{a,t). Let Co(tt) = (70 o KQ^)(a), where as in (12. 3p we define 

i^oia) = 7o(") + ^(^ + ^7o)(^ + ^io)~\loi(^) - 7o(")) 
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< 2 



c^aAo(Ao -Ho (Q)da 



+ 



i{E o Co)<9a(H o (Q)da 



Then if we denote ,^0 Co — « as usual, we have (/ — 'H(^q)^o = 0. This implies that 
^0 = i(/+77^J(/+/C^J-icj^o. By PropositionOwe have C^^^ = t{I+no)'^C^^'^ + 0{e^/^). For 
brevity, temporarily denote || ■ || := ■ ||j|^s+i/2. Then by Lemma [5.21 and interpolation 



11^0 - 6(^^^0)11 < ||z(/ + Wco)(/ + ICJ-'^^^o - t{I + Wo)53eC(^Ho)|| + Ce'/' 

< P^o - 53eC«(0)|| + IKWco - Wo)36C«(0)|| + Ce'/' 

< C\\vo - 53C«(0)|| + C4C^'\0) o Ko - C^'\0)\\ + Ce'/' 

Since ||^7o||i/^+i < Ce^/^ by hypothesis, \\kq — < Ce^^"^, and so by the Mean Value 

Theorem ||C^^^(0) o kq - C^^\0)\\ < Ce^/^. But then ||^o - <^^K0)\\ < Ce^/^ follows from 
||r/o-3<^'HO)|| < Ce3/2. 



This gives i?o-admissible initial data, and so by Theorem 15.21 there exists a solution to the ( 
system with justified asymptotics. 

We must now show that we can give Eulerian estimates for the remainders of this solution. 
Since ( and z parametrize the same interface it suffices to write C = x + iy, where 



For sufficiently small eo, ^{t) describes a graph by Lemma [GTTl and so we can invert to solve 
for a = a{x,t). Then we wish to justify asymptotics of ri{x,t) := y{a{x,t),t). 

The rigorous justifications of the asymptotics for Ca ~ 1 and DtC give rise to rigorous 
justifications of the quantities 7]^ and 0. The derivations of each are similar, and so we will 
focus on rjx. By Theorem 15.21 we have a solution ( = x + iy satisfying 



for sufficiently small eo, and e < cq. Since x = a{x,t) + 3f?^(a(x, t), t), we have immediately 



Moreover, since we would like to take advatage of asymptotics for a;^(x) — 1, we write 



we have 




X = x{a, t) = a + 3^,^(0;, t) 
y = yio:,t) = ^^ia,t) 



(6.5) 



y^{;t)-ke^C'^'\;t)\\H,<Ce'/' 




a^{x) - 1 



^^a{(y{x))a^{x) 

3f?^Q(a(x)) - 3?^Q(a(x))(a^.(a;) - 1) 




from which we have the estimate 



50 



Next, we estimate the derivative of the graph rj^: 

\\yaia{-),t) - r]^{-,t)\\Hs = \\yaia{-),t){a^{-,t) - 1)\\hs 

< ||l/a(a(-))b|||ax(-) + 3f^4("(-)) - M\m 

+ C\\y.(amH4U\w-- 



By the Mean Value Theorem and Lemma I6.H we have that 
\\^e\a{x),t)-^C^'\x,t)\\Hs 

< \\B{ea{x) +eu't,eH) - B{ex + eu't, e^t)\\Hs 

< ||i?||i4/s+i,oo — 

< Ce'/' 

Thus we have 

\\r],{;t)-ke^C^'\;t)\\Hs < \\vA;t)-ya{(y{-),t)\\Hs 

+ \\y^(ai-),t)-ke^C^'\ai-),t)\\Hs 
+ ||eC«(a(-),t)-eC«(-,t)||H| 

and with a similar argument we also have 

M;t)-ed'\;t)\\m^^<Ce'/' 



□ 



6.2. The Multiscale Calculation for \1' and A. We have two formal calculations to 
complete. The first is to derive an expansion for the quantity \1' = ip o k,~^ of the form 
= e"^^^^ -)-g2v]/(2) _|_g3^(3) gQ satisfies the transformed version of Bernoulli's principle 

(c.f. (2.14) of tl3j): 

A^ = -53(C) + ^|ACl' (6.6) 

up to the order 0(e'^). The second is to check whether A = (/ — 'H)\^ satisfies (16. 2p up to 
the order O(e^). We will repeatedly use the formula (I3.24p for C in the sequel. 

6.2.1. Deriving the expansion of . The 0(e) terms of (16. 6p yielcl^ 

2i 

from which we have 

^(1) = J-Be'^ + c.c. + C«(«o, «i, ti, t2) 



^Here c.c. represents the complex conjugate of the term immediately preceding it. 
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Equating the O(e^) terms of (16.61) gives 



= -^Bxe^" + c-c- - 4'^ - + Im' 

To avoid secular terms we set = and so arrive at the solution 

= --^Bxe''^ + c.c. + (ao, a,, h,h) (6.7) 



and hence determine ^P^^^ as 



= —Be''*' + c.c. (6.8) 
2uj 



Finally, we collect the O(e^) terms of (16. 6p together to give the equation 



We calculate that = -g^^xxe^'^ + c.c. + and = ^^Te^-^ + cc.. Recalling from 

(I3.25P that 62 = — A;cj|-Bp we also have 62^ao = —\ik'^B\B\^e'"^ + c.c. As for the remaining 
terms, we can write 

3(C(^)) = 53 (^-\eB\B\\-^^ + i(/ - Wo) (55^)) 
= ^eB\B\''e'^ + c.c. + - no)(BBx) 



as well as 3?(c!oVti^^) = {-\^BBx) = {\BBx), and so 

-53(C(^)) + i?e(cl?d'^) = -^eB\B\\^^ + c.c. - - H,)(BBx) + ^53(55^) 

= -^k^B\B?e''^ + c.c. + -mio(BBx) 
At 2 
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Summing these terms now gives 

^ ;Bxxe''^ + c.c. - - —5^6^* + c.c. + -tk^B\B\^e'''' + c.c. 



2iBt - T^^Bxx + 3A:2u;fi|fi|2 e'<^ + c.c. + -Cjf + ^QnoiBBx] 



Aiu \ 2kuj ' ' J V 2 

^ (2z5t + 2a;"5xx + 3k^uB\B\^) e'^ + c.c. + (^-C^f + i53Ho(55x)^ 



4«a; 

We must choose C^^) so that C'^^ = uj'^Hq(BBx). Therefore 

Since S satisfies the NLS equation 2iBT — u" Bxx + k'^ujB\B\'^ = 0, we have that 

= -^^Bxxe'" - %B\B\'e^^ + c.c. = ^.Bxxe''' - %B\Bfe^^ + c.c. 



and so we can take as our solution 

^^'^ = -TT^^^^^'"^ + ^B\B\\^'i> + c.c. (6.9) 

Checking the Evolution Equation for A. Now we would like to use our expansion of ^ to 
check to see whether (16.21) is satisfied up to terms of order O(e^). The 0(e) equation that 
we must verify is 

{dl - id^,){I - -Ho)^^'^ = {dl - <,)(/ - n,) {^^Be^t' + c.c.) 

= {dl-id^,)-Be^^ 
= 0, 

as desired. Similarly, recalling that H^^^f = [C^^\'Ho]fao^ it is quick to see that the O(e^) 
terms vanish as well: 

+ (29^,9*, -^9,J(/-Ho)^(^)=0 
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For the O(e^) terms, we must investigate the sum 



.(3) 

= h + --- + h-Gf 

where G^^^ is the third term in the formal expansion of the cubic term G\ in fl6.2p . We have 



and 



We also have 



and 



h = {di - <,) ( -^5xxe^^ + -BWe 







{dl-id^,)(^^{I-n,)BBx^ 







'to 



-zu;(/-Ho)3-Ho(5Sx) 

. ,^ ^ Mo{BBx)-n,{BBx) 
— Ho) 



2i 

^o{I-Ho){BBx + BBx) 



= ]^uj{I - Uo){BBx + BBx) 
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Moreover, since B satisfies the NLS equation (13.201) . 



1 



h = i2dtA2 + dl - 2ku\B\%M-Be''^ 



00 

= {2iBt - uj"Bxx + 2k'^ujB\B\'^)e'^ 
= eujB\B\''e''^ 

The remaining terms are more involved. Recall the multiscale operator 
Thus we first have 



But then 



^(2)^(1) ^ [Be^'^^'Ho] Q^Bxe''^ + c.c}j 



+ 



-ikii-no)\B\',n, 



-iuBe"'' + c.c. 
2 



+ -[Be'\ [5e'^Ho]] [--kuBe''^ + c.c. 

-hulBe't-HoW 
+ ]^[Be't Wtn,]] (^-huoBe-^'^^ 

= ^{I-n,){BBx) 

-huBe\l + Uo)W 
+ hiuBe'^UoW 

= -h,ujB\B\\^^ + - no){BBx) 



(1) 



1 



{d' - ido,,) -kujB\B\'e'^ - —{I - 'Ho){BB 



2u 



X, 







(3) 

Finally, we turn to calculating G\ . We have by definition that 



G 



(3) 
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We simplify the formal leading terms of the commutators first. We have that 



and 



[do'\^o](d;VSo) = k'^Be^\l - n,)\B\ 



6l\6l\no]CL = k'^Be^''{i-n,)\B\ 



Also, since (,[1'' ■ (toao — 0' third commutator vanishes. We will write the leading orders 
of the remaining terms as singular integrals to which we can apply the following formula: 

1 f ig{a) ^ gmiKa) - hm 



ni J {a — (3) 



2 



-f{l3)dl3 = [g,Ho]{hJ) + [h,Ho]{gaf) - [g, [h,Ho]]fa 



Since to leading order, (i'J ■ (i'J = (^'J ■ 1 + 0{e^) = 3ft(Ci,')) + 0{e') = ^CiJ) + c!,?) + 0{e') 
we can rewrite the second singular integral above as 

((1) (1) \ ^ 

Cfo (q) - Cto (/^) \ 17(1) >o _ r^(l) nj 1(A1) aWx IrA(l) rA(l) nj iiaW 



7r« 



Similarly, the leading order of the first singular integral is 

1 f ( (C.'."(a) - d„"(/3))(C*"(a) -?"'(/?)) \ XI) 



= ~[Cio^^'^o](Ciodo\o) ~ [d \^o](do^aodo\''o) + [do^^ [d \'^o]]do\oao 
By extracting the coefficients resulting from differentiation, the first terms of these two 
expressions cancel each other. Therefore we are left with the following expression as the sum 
of these singular integrals: 

~ 2 [do ' [do ^ 5 "^o] ] Caoto + [do "* ) [C ) "^o] ] dotoao 

= k'^uBe''^no\B\^ - k'^ujBe'^{I + Hq)\B\^ 
= -eujB\B\^e'^ 
Therefore, summing these calculations gives 

= ^LoBe'^^il + ?/o)|5|2 + PtuBe'^il - no)\B\^ - PujB\B\^e''f' 
= eujB\B\^e''^ 
Therefore we have at last that the 0{e^) terms sum to 

- - Uo)(BBx + BBx) + - Hq){BBx + BBx) + k'^ujB\B\^e'''' - k'^cuB\B\^e''^ 
which exactly cancels. Thus the development of indeed satisfies (16. 2p up to O(e^). Define 

as well as 

~X = {I-n)^ (6.11) 
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so that V\-Gf = 0{e^). 

6.3. Estimates of the Remainder of A. Our goal here is to construct an energy from an 
evolution equation for 

/ = A-A (6.12) 

This will enable us to show that the quantity DJ = Dt{\ — A) is bounded in L^. In turn, 
we will control r in for 0(e^^) times. 

6.3.1. Showing that Dtl and r are comparable. Following the proof of Lemma 16.11 we first 
show that r and (/ — 'H)Q{r) are comparable in L^. First, since (/ — "H)^ = by (12. 8p . we 
have by the multiscale calculation of Section 3.3 and Corollary 14 . 1 1 that 

(/ - n)r = -{I - n)i = -{H - H)l -{I- n)i = 0{e^^^) 

Hence we have 

||r|U2 < C||(/ - n){r + f)\\L2 + C||(/ - n)Qir)\\L2 
<C\\{I-HMr)\\L^.+Ce'/', 

and so 

i||r|U2 - Ce'/' <\\{I- n'Mr)\\L2 < C||r|U. + Ce'/' (6.13) 
Turning to D^l and r, we expand 

Dtl = DtX - DtX 

= DA-DA-{Dt-Dt)~X 
= Dt\-bt\-{h-h)K 
Another multiscale calculation confirms that the residual quantity 

AA + (/ - ftmo + i[Ac, n^-^ 

is of size at most Ce^/^ in L^. Hence, using fl6.ip . we have that Dfl = — (/ — 'H)5!J(r) + C(e^/^). 
But then this implies the bound 

^||r|U2 - Ce3/2 < \\Dtl\\L2 < C\\r\\L2 + Ce^/^ ^g_^4) 

6.3.2. The Evolution Equation and Energy Estimates for I. We can write immediately that 

= Ga - (P - V)X - VX 

= (Ga - ) -{V- V)X - (VX - ) 

from which we have by the usual decompositions and estimates that VI is controlled in 
by C{Es^'^ + eEg + e^E]^"^ + e"^/^) = 0(e^/^). We can now construct the energy 

— iDj/P + illada 



A 
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corresponding to the above evolution equation for /. Since / need not be the trace of a 
holomorphic function in ^l{tY, we cannot conclude that this quantity bounds ||il'(/||^2 above. 
Hence we decompose / as 

1 = 1(1-^)1 + 1(1 + W ■= l~ + 

The energy 

^{t) = J ^1 A/P + il~l~da 

does bound ||Z}t/||^2 from above, by Lemma [4.51 We would like to show that d^/dt < Ce^. 
To do so, we write 

^{t) = J ^\Dtl\^ + ili^da - I j r'C + i% + l^~Cd(y ■■= ^lit) + ^2{t) 

By Lemma [4.51 and fl6.14p . the time derivative of the first integral is 

d^i 



dt 



<Ce'/'\\D,l\\L^ + Ce'\W\\l 



We use the usual almost-orthogonality argument to address the terms of ^2{t)- Observe 
that with a change of variables we have 



Dtl-'C + Dtl+l^ + Dtl^l + l-dM + tdM + tdaDtlda 
- [ Dtl-'C + Dtl% + A/+t - C A/^ - l^DtV - l+Dttda 



I Dtl-'C + + Dtl+'Cda 



We calculate that 

/+ = i(/ + H)/ 
= 1(/ + H)(A-A) 

from which we have < Ce^/^. Via Corollary 14.21 the same formula readily implies 

that IIA^+IU^ < Ce^/^ and so we clearly have 

Dtl+'Cda < Ce' 
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The other two terms are controlled by exploiting their almost- orthogonality. Note that 
Dtl- = !(/ - H)Dtl - i[AC, and ^ ^{I - U*)l^. Since we have 



Co 



we see that the only 0(e) terms contributed are (/ — 'Ho)^{(^^J) — dao{I — ?^o)^*^^'* = 0. 
Hence ||/a||L2 < Ce^/^. But then we can rewrite the commutator as a term of third order as 
follows: 



la 



Ca 



and so || [AC; "^I^IU^ < Ce^^^. Since Ij/JIU^ < Ce^/^ as above, it suffices to estimate the 
inner product 

((/ - ■H)Dti, (/ - tTYq = -{{n + n)Dti, (/ - tDq 

= -2{in + n)DtiXa) 

<Ce'/'\\DtlU2 

For the second term, we have that Dtl+ = ^{I + H)Dtl + ^[DtC,H\^ and l~ = \{I + lt)la- 
The commutator is estimated by ||[£)tC) ^I^IU^ < Ce^/^ as before. Hence it suffices to 
consider 

((/ + n)Dti, {I + iT)Q = ((/ + n)Dti, (n* + n*%) 

\ Ca 

<Cie'/'\\Dtl\\L2 + e') 
Summing these estimates, we finally have that 



dt 



whenever < t < S/'e ^. Therefore 



sup ^{t) < C{^{0) + e^) 

0<t<^e-^ 



Consequently 



|C([0,, 



«L^)<C(^(0)^/' + 63/2). 
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6.4. Justifying the Eulerian Asymptotics for the Profile. With these preliminaries, 
we can now prove the 

Theorem 6.2. Suppose the remainder hypotheses (16. 3p hold, and moreover that the stronger 
conditions hold: 

Wvo-e^C'^^^h^ <Ce^/^ and ||<l>o(a + ir/o(a)) - ew-^3?C^^^ |Ihi/2 < Ce^^^ (6.15) 

where $o is the initial velocity potential. Then there exists a possibly smaller eo so that in 
addition to the conclusions of Theorem \6.1\ holding, the profile rj satisfies 

\\r^(t)-e^C^'\t)\\Hs+r < C(||5ob»+r,^,Ci,C2)e3/2 

for allO<t< 

Proof. As in the proof of Lemma 16. ![ it suffices to derive conditions under which =2^(0) = 
O(e^). We will show that the quantity 



is controlled by ||ro||L2 and ||$o o Zq — eu ^^C^^^\\fji/2^ 
We can control the ffist term 

I ^IA/(0)P < C\\DMh < C(lko||L2 + e'/y 

by (16J3|) . 

To estimate the other term in -^(0), observe that we can write / in terms of \Ef — \Ef as 
follows: 

/ = (I - n)^ - (I - U)^ 
= {I -H){'^ -^)-{H-H)^ 
and the latter term is (9(e^/^) by Corollary 14.11 Hence we expand our integral as usual: 

J ilodJoda = i J (^/q - (/ - 'Hzo){^o - ^o)) dJoda 

-I j a,(/-H,J(^o-^o)(/o-(/-H,J(^o-^o))t^a 

+ ^ y"(/ - H,„)(^o - ^o)5a(/-H.o)(^o-^o)rfa 

The first two of these integrals are 0(e'^), since da{^ - = 3ft(C„AC) - is 0{e'/'^). 
Therefore since H. is bounded on if^/^n it follows that 



ilodaloda 



'''ideally one would prefer, in keeping with the weaker conditions given in Theorem 16.11 to bound ^(0) by 
some difference of the initial velocity fields of the true and approximate solution in the square-mean. However, 
since these velocity fields are defined in different domains, we instead give this equivalent condition, which 
is more straightforward to state. 

^Since H is bounded on L^, this can be checked by showing that H is bounded on using the identity 
daT~Lf — Ufa + [zcnT~L]^ and then by using complex interpolation. 

60 



Hence, if we choose the initial profile and the initial velocity potential $o to satisfy 

llrolU^ < Ce^/' and \\(% o zo) - euj-^nC^^^U,,, < Ce'l'' 

then ^(0) < Ce^ and so supo<t<^,-2 ||r(i)||L2 < Ce^l"^ as well. □ 
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Appendix A. Glossary of Symbols 

We collect the commonly used notations and symbols. References such as (1.1) refer 
the equation in which the symbol was introduced, whereas p. 1 refers to the page numb 
in which the symbol is first used. 



N The set of nonnegative integers 

M The set of real numbers 

C The set of complex numbers 

w The complex conjugate of w E C 

^{w) The real part of w G C 

Q{w) The imaginary part of w & C 

[F, G] The commutator FG — GF of the operators F and G 

Ug Precomposition by (7, p. 2 

(■, ■) The real inner product on L? ^ p. 38 

T* The formal real adjoint of a linear operator T, p. 38 

VL(t) The fluid region associated to z at time t, p. 1 

The boundary of the fluid region associated to z at time t, p. 1 

z{a,t) The parametrization of in Lagrangian coordinates a, p. 1 

a see p. 1 

p.v. j The principal value integral, p. 1 

The Hilbert transform associated to 2;, p. 1 

^ The double layer potential operator associated to z, p. 4 

K The change of variables taking 2 to (12. 3p 

C, The new water wave interface variable, fll.Sp 

^ The perturbation of C, from the still water solution, p. 5 

l-i The Hilbert transform associated to C, p. 3 

/C The double layer potential operator associated to the curve C, P- 51 

T-L^ The Hilbert transform associated to the curve 7, p. 3 

/C^ The double layer potential operator associated to the curve 7 

"Ho The Hilbert transform associated to the curve a, p. 3 

Dt The transformed time derivative, (II. 5p 

V The transformed linear water wave operator, (11.51) 

h see ([L5D 

A see ffT3]) 
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G The cubic nonlinearity of the transformed water wave equation, (12. 9p 

/ The Fourier transform of /, p. 6 

W The LF' Sobolev space of index s, p. 6 

H'^ The LF' homogeneous Sobolev space of index s, p. 6 
p^s,oo rjnj^g ^oo gQi^Qjgy space of index s, p. 6 

C([0, T]; X) The Banach space of functions / G X x [0, T] with 

varying continuously in [0,T], p. 6 
&{t) The supremum of a modified energy of f l^.lSp 
C,^^^ Terms of the formal power expansion of C, in e, fl3.24p 
1-Ln nth order term of the formal expansion of (13. 2p 
'^("■) Operator at the order e" of the formal expansion of "H 
acting on a multiscale function, (13. 3p 
Formal multiscale approximation of see (I3.24p 
k The wave number of the wave packet approximation to C, p. 12 
uj The wave frequency of the wave packet approximation to P- 12 
(f) The phase of the wave packet approximation to P- 12 
u' The group velocity, p. 13 
uj" The dispersion coefficent, p. 15 

B The slowly varying envelope of the leading order of (13.121) 
^ Perturbation of C, from the still water solution, p. 17 
h see 

^ see (I3:26|) 
see (I3:28|) 

V see (I3:28|) 

r The difference between the true solution C, and the 

approximate solution Q of the water wave equations, p. 18 
(9(e") Landau notation for functions in W ^ p. 18 
Eg The modified energy of r, p. 18 
£ The energy of r, (I4.29P 
s^" The manifold of admissible initial conditons for {z,Zt), p. 41 
+ C.C. Adds the complex conjugate of the preceding term, p. 52 
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Appendix B. Estimates of Singular Integrals in Sobolev Space 
The purpose of this appendix is to provide bounds for singular integrals of the form 

J fJi 7i(«)-7A/3) 70(a)- 70 

and 

S2iA, f)= [fl ^^\^^fmd(3 (B.2) 

in Sobolev space. For these singular integrals to be well-defined we insist that the 7^ each 
obey the chord-arc condition (12.21) . Our starting point is the result of Coifman-Meyer- 
Mclntosh, expanded upon by Wu, which bounds these singular integrals in L^. 

Theorem B.l. (c.f. and /If ) Both \\Si{A, f)\\L2 and \\S2{A, f)\\L2 are bounded by 

m 

i=i 

where one of the Xq, Xi, . . . , X„ is equal to and the rest are L°° . The constant C depends 

U°°5 ll7llU°°5 • • • 5 ll7mlU°°- 



Observe that the kernels of the operators 5*1 and S2 are functions of differences of the form 
F — • • • , /n(«) — fn{P))- When the differential operator {da + dp) acts on such 

differences of functions, it yields another function of the same kind, e.g., the Chain Rule 
becomes 

n 

{da + dp)F {h{a) - h{(3), fn{a) - UP)) = + dp){f,{a) - f,{/3)) 

i=l 

The other rules of differential calculus hold as well. Hence acting on kernels of 5*1 or S2 with 
m factors by [da + dp) yields another kernel which is a sum of the same type with m + 1 
factors. This allows us to cleanly prove the following 

Proposition B.l. Let n > 3 be given, and suppose that fl2.2l) holds. Then 

m 

\\S2{AJ)\\H^<C\[\\A^\\y^\\fU 

where for all j = 1, . . . ,m the Banach spaces Yj = H"^^ or W"^'^'°° , Z = iJ" or W"~^'°° . 
Moreover, the constant C = C (||9a7j — j = 1, . . . 

Proof. Write 5*2/ = / K{a, f3)fi3{f3)df3. To exploit the observations preceding the theorem, 
we expand daS2f using the Binomial Theorem applied to {{da + dp) — dp)"". 

dis2f{a) = / (-ly a + P)fp{mp 

= E('') f{da + dp)"-^K{a,P)dyp{P)d/3 
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After applying routine calculus identities, we see that {da + di3)"'~^ K{a, (3) yields a sum of 
terms, each of which is another kernel expressible in the form (]B.2p . Now we apply Theorem 
IB.ll to estimate each term in . 

We proceed by cases. Since n > 3, it suffices to consider the cases where j = and j = 1; 
in all other cases one can estimate however one pleases using Theorem IB.li If a difference 
of the form Af-^\a) - Af-^\(5) or 7]" ^\a) - 7]" occurs in some kernel, estimate 

this difference in L^; observe that only one of these can occur in a given singular integral 
since n > 3. If a difference of the form AY^{a) — AY^{f3) or 7j"'''(a) — 7]"''(/9) occurs in some 
kernel, split the integral into a difference of singular integrals of the form 5*1 and estimate 
using Theorem IB.ll □ 
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